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Juhjru| Srqwklhuh4

I1U1V10IQUV/ FUHSS/ Xqlyhuvlw| ri Olhjh

Fruuhvsrqghqfh= FUHSS/ Xqlyhuvlw| ri Olhjh/ Erxohydug gx Uhfwrudw/ :/ edw1
E64/ Vduw0Wlopdq/ 7333 Olhjh/ Ehojlxp1 Who= 33650769964<;1 H0pdlo=

J1SrqwklhuhCxoj1df1eh

Devwudfw=
Zkhuhdv ROJ prghov zlwk hqgrjhqrxv orqjhylw| gr qrw glvwlqjxlvk ehwzhhq

wkh uhfwdqjxodul}dwlrq skhqrphqrq dqg wkh ulvh lq olplw0orqjhylw|/ wkhvh frqvwlwxwh
wzr gl�huhqw ghprjudsklf skhqrphqd uhtxlulqj d glvwlqfw prghoolqj1 Wklv sdshu
suhvhqwv d wzr0shulrg ROJ prgho zkhuh wkh suredelolw| ri vxuylydo iurp wkh �uvw
wr wkh vhfrqg shulrg/ dv zhoo dv wkh pd{lpxp ohqjwk ri olih/ duh hqgrjhqrxvo|
ghwhuplqhg dqg lq�xhqfhg e| sxeolf srolflhv1 Wkh lvvxhv ri h{lvwhqfh/ xqltxhqhvv
dqg vwdelolw| ri d vwhdg|0vwdwh duh vwxglhg1 Lw lv vkrzq wkdw wkh wudqvlwlrq wrzdugv
wkh vwhdg|0vwdwh h{klelwv/ xqghu plog frqglwlrqv/ wkh revhuyhg vxffhvvlrq ri skdvhv
ri uhfwdqjxodul}dwlrq dqg ghuhfwdqjxodul}dwlrq ri vxuylydo fxuyhv1

Nh|zrugv= orqjhylw|/ olplw0orqjhylw|/ ROJ prgho/ sxeolf srolf|/ uhfwdqjxodul}d0
wlrq1

MHO fodvvl�fdwlrq qxpehuv= R74/ H46/ K84/ L451

�W }h@|iu�**) @U!?L�*i_}i UL44i?|t @?_ t�}}it|�L?t 4@_i L? @ Thi��L�t �iht�L? Lu |��t T@Tih M)
w�U ��@4T@h?@�_c �*itt@?_hL ��}?Lc B@Mh�i**i #i4@?}ic w@�hi?Ui w@tti**ic �?_h�i �@ttL?c �@?�
�L�|�@@h@c ��ihhi �it|�i@�c ki��? 5�ii_)c +�U! �@? _ih �*Li}c 5|@?*i) `�?ihc T@h|�U�T@?|t Lu |�i
2ffS 5�i4�?@�hi 5U�i?|��^�i Lu |�i �@�tti _it #�iT	L|t i| �L?t�}?@|�L?t �? �Lh_i@� c T@h|�U�T@?|t Lu
|�i 2ffS �,5�uL �hi@ �L?uihi?Ui L? ��M*�U 5iU|Lh ,UL?L4�Ut �? ��?�U�c T@h|�U�T@?|t Lu |�i 2ffS
W�6,+ �??�@* �ii|�?} �? �Lh!c @?_ T@h|�U�T@?|t Lu |�i 2ffS �55,A �??�@* �ii|�?} �? w�tML?�
W @4 @*tL }h@|iu�* |L |�L @?L?)4L�t hiuihiit uLh |�i�h �i*Tu�* UL44i?|t� A�i �t�@* _�tU*@�4ih
@TT*�it�

4



� W?|hL_�U|�L?

Zkhuhdv wkhvh kdyh ehhq hyroylqj uhodwlyho| vorzo| gxulqj wkh orqjhvw sduw ri klvwru|/
hfrqrplf dfwlylw| dqg kxpdq orqjhylw| kdyh jurzq pruh vwurqjo| gxulqj wkh odvw
wzr fhqwxulhv1 Dv vkrzq e| Pdgglvrq +5334,/ zkloh uhdo JGS shu fdslwd zdv
pxowlsolhg/ lq Zhvwhuq Hxursh/ e| d idfwru ri 6 ehwzhhq |hduv 4333 dqg 4;53/ lw zdv
pxowlsolhg e| 49 ehwzhhq 4;53 dqg 533315 Pruhryhu/ zkloh dyhudjh olih h{shfwdqf|
dw eluwk lq Zhvwhuq Hxursh zdv pxowlsolhg e| 418 ehwzhhq |hduv 4333 dqg 4;53
+iurp derxw 57 wr 69 |hduv,/ lw grxeohg ryhu 4;5305333 +iurp 69 wr :; |hduv,1

Wkh vwurqj frqmrlqw jurzwk ri hfrqrplf dfwlylw| dqg kxpdq orqjhylw| gxulqj
wkh odvw 533 |hduv +looxvwudwhg rq Iljxuh 4 iru Iudqfh, udlvhv wkh wzrirog txhvwlrq ri
wkh uhodwlrqvkls ehwzhhq wkrvh wzr skhqrphqd= rq wkh rqh kdqg/ wr zkdw h{whqw
glg wkh ohqjwkhqlqj ri olih d�hfw dffxpxodwlrq dqg jurzwk> rq wkh rwkhu kdqg/ wr
zkdw h{whqw glg hfrqrplf h{sdqvlrq frqwulexwh wr udlvh kxpdq orqjhylw|B
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Sources: Maddison (2004) and Ined (2002)

Iljxuh 4= Shulrg olih h{shfwdqf| dw eluwk dqg uhdo JGS shu fdslwd/ Iudqfh/ 4;53053341
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Wkh jurzwk0orqjhylw| uhodwlrqvkls kdv ehhq odujho| vwxglhg lq wkh hfrqrplf
jurzwk olwhudwxuh/ �uvwo| lq prghov dqdo|}lqj wkh lpsdfw ri orqjhylw| rq dffxpx0
odwlrq phfkdqlvpv +h1j1 vdylqjv/ hgxfdwlrq, xqghu dq h{rjhqrxv orqjhylw|/ wkhq/
lq prghov zkhuh survshulw| lq�xhqfhv orqjhylw| wkurxjk ydulrxv fkdqqhov/ vxfk dv
sulydwh dqg2ru sxeolf khdowk h{shqglwxuhv16 Wkrvh prghov vxffhhghg lq vkrzlqj
qrw rqo| krz vxuylydo frqglwlrqv/ e| ghwhuplqlqj wkh whpsrudo krul}rq idfhg e|
djhqwv/ d�hfw dffxpxodwlrq ghflvlrqv/ dqg/ khqfh/ hfrqrplf ghyhorsphqw/ exw dovr/
krz wkh uhodwlrqvkls ehwzhhq hfrqrplf dfwlylw| dqg orqjhylw| fdq ohdg wr sryhuw|
wudsv ru yluwxrxv sdwkv +orqjhylw| dqg surgxfwlrq hqkdqflqj hdfk rwkhuv,1

Krzhyhu/ jlyhq wkdw h{lvwlqj ROJ prghov zlwk hqgrjhqrxv orqjhylw| uho| rq
d vlqjoh0yduldeoh orqjhylw| +hlwkhu d suredelolw| ri vxuylydo iurp d olih0shulrg wr
dqrwkhu/ ru wkh ohqjwk ri d olih0shulrg,/ wkhvh whqg wr pl{ wzr skhqrphqd/ zklfk duh
jhqhudoo| glvwlqjxlvkhg e| ghprjudskhuv zkhq dqdo|}lqj wkh hyroxwlrq ri vxuylydo
fxuyhv ryhu wlph= rq wkh rqh kdqg/ wkh uhfwdqjxodul}dwlrq skhqrphqrq/ wkdw lv/
wkh ulvh lq wkh sursruwlrq ri shrsoh uhdfklqj kljk djhv iru d �{hg pd{lpxp djh dw
ghdwk> rq wkh rwkhu kdqg/ wkh ulvh lq zkdw ghprjudskhuv fdoo wkh colplw0orqjhylw|*
+l1h1 wkh pd{lpxp ohqjwk ri olih wkdw fdq eh olyhg e| d phpehu ri d frkruw,1

Wr looxvwudwh wkdw glvwlqfwlrq/ Iljxuh 5 vkrzv/ iru Iudqfh/ wkh hyroxwlrq ri vxuylydo
fxuyhv ryhu wkh odvw wzr fhqwxulhv1 Dv vkrzq e| wkh vkliw ri wkh vxuylydo fxuyh wr
wkh uljkw/ wkhuh kdv ehhq d vljql�fdqw ulvh lq wkh olplw0orqjhylw|/ lq wkh vhqvh wkdw
shrsoh fdq qrz uhdfk djhv wkdw frxog qrw eh uhdfkhg lq wkh sdvw1 Krzhyhu/ wkhuh
kdv dovr ehhq d whqghqf| ri wkh vxuylydo fxuyh wr ehfrph pruh uhfwdqjxodu= d odujhu
sursruwlrq ri shrsoh fdq uhdfk kljk djhv iru d �{hg pd{lpxp djh dw ghdwk/ vr wkdw
wkh yduldqfh lq wkh djh dw ghdwk lv uhgxfhg17
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Iljxuh 5= Shulrg vxuylydo fxuyhv/ phq dqg zrphq/ Iudqfh1

Dowkrxjk wkh hyroxwlrq ri vxuylydo fxuyhv ryhu wlph lv jhqhudoo| fkdudfwhul}hg e|
erwk d uhfwdqjxodul}dwlrq dqg d ulvh lq olplw0orqjhylw|/ ghprjudskhuv hpskdvl}hg
wkdw wkrvh wzr skhqrphqd glg qrw wdnh sodfh wr wkh vdph h{whqw dfurvv frxqwulhv
dqg shulrgv +vhh \dvklq hw do/ 5334,1 Wklv fdq eh looxvwudwhg khuh zlwk wkh h{dpsoh
ri Iudqfh1 Dv vkrzq e| Iljxuh 5/ wkh uhfwdqjxodul}dwlrq surfhvv kdv grplqdwhg wkh
ulvh lq olplw0orqjhylw| ehwzhhq 4;39 dqg 4<33= wkh uljkw wdlo ri wkh vxuylydo fxuyh kdv
ehhq ohiw xqfkdqjhg ryhu wkdw shulrg/ zkloh wkh uhfwdqjxodul}dwlrq kdv ehhq vwurqj18

Krzhyhu/ ryhu 4<8305333/ wkhuh kdv ehhq d sdudooho vkliw ri wkh vxuylydo fxuyh wr wkh
uljkw/ ohdglqj wr dq lqfuhdvh lq wkh wdlo ri wkh vxuylydo glvwulexwlrq1 Khqfh/ ryhu wkdw
shulrg/ wkh ulvh lq olplw0orqjhylw| kdv grplqdwhg wkh uhfwdqjxodul}dwlrq surfhvv19

Wkh ydu|lqj lpsruwdqfh ri uhfwdqjxodul}dwlrq dqg wkh ulvh lq olplw0orqjhylw|
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udlvhv wkh txhvwlrq ri wkh idfwruv d�hfwlqj wkrvh wzr skhqrphqd1 Wkdw txhvwlrq
fdq eh dgguhvvhg e| h{dplqlqj wkh fdxvhv ri ghdwk dw gl�huhqw djhv1: Iru lqvwdqfh/
Qxvvhoghu dqg Pdfnhqedfk +5333, vkrzhg/ lq wkhlu dqdo|vlv ri wkh fdxvhv ri ydul0
dwlrqv lq olih h{shfwdqf| dw djhv 93 dqg ;8 lq wkh Qhwkhuodqgv/ wkdw d vxevwdqwldo
sduw ri wkh ulvh ri olih h{shfwdqf| dw djh 93 iru phq ehwzhhq |hduv 4<;304<;7 dqg
4<<304<<7 lv h{sodlqhg e| d idoo lq wkh suhydohqfh ri oxqj fdqfhuv/ zklfk fdq wkxv
eh uhjdughg dv d ohdglqj fdxvh ri uhfwdqjxodul}dwlrq iru phq1 Qxvvhoghu dqg Pdfn0
hqedfk vkrzhg dovr wkdw d vljql�fdqw sduw ri wkh idoo ri olih h{shfwdqf| dw djh ;8 iru
phq dqg zrphq ryhu wkdw shulrg zdv fdxvhg e| d ulvh lq phqwdo glvrughuv/ zklfk
vxjjhvwv wkdw phqwdo glvrughuv suhyhqwhg d ulvh lq olplw0orqjhylw| ryhu wkdw shulrg1

Vxfk dq dqdo|vlv ri wkh xqghuo|lqj fdxvhv ri ghdwk lv qrw zlwkrxw frqvhtxhqfhv
iru sxeolf srolf|/ ehfdxvh wkh jryhuqphqw fdq d�hfw/ wkurxjk ydulrxv fkdqqhov/ wkh
gl�huhqw fdxvhv ri ghdwk1 Dffruglqj wr wkh deryh h{dpsoh/ suhyhqwlyh sxeolf srol0
flhv djdlqvw oxqj fdqfhu zrxog ohdg wr d odujhu uhfwdqjxodul}dwlrq/ zkhuhdv phglfdo
uhvhdufk djdlqvw djhlqj glvhdvhv +h1j1 Do}khlphu*v glvhdvh, zrxog/ e| uhgxflqj phq0
wdo glvrughuv/ lqfuhdvh olplw0orqjhylw|1 Khqfh/ wkh sduwlfxodu vwuxfwxuh ri sxeolf
lqwhuyhqwlrq fdq vljql�fdqwo| d�hfw hdfk dvshfw ri orqjhylw|1;

Wkh jrdo ri wklv sdshu lv wr vwxg|/ lq dq ROJ prgho/ wkh skhqrphqd ri uhfw0
dqjxodul}dwlrq dqg ulvh lq olplw0orqjhylw|/ dqg/ wkhq/ wr glvfxvv wkh irup ri rswlpdo
sxeolf lqwhuyhqwlrq lq vxfk dq hfrqrp|1 Iru wkdw sxusrvh/ d wzr0shulrg ROJ prgho
lv ghyhorshg/ zkhuh wkh suredelolw| ri vxuylydo iurp wkh �uvw wr wkh vhfrqg shulrg/
dv zhoo dv wkh ohqjwk ri wkh vhfrqg shulrg/ fdq eh d�hfwhg e| glvwlqfw sxeolf srolflhv1

Wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho1 Vhfwlrq 6
dqdo|}hv wkh h{lvwhqfh/ xqltxhqhvv dqg vwdelolw| ri vwhdg|0vwdwhv1 Vhfwlrq 7 frqfhq0
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wudwhv rq frpsdudwlyh vwdwlfv1 Wkh vkruw0uxq g|qdplfv lv h{dplqhg qxphulfdoo| lq
Vhfwlrq 81 Wkh rswlpdo sxeolf srolf| lv vwxglhg lq Vhfwlrq 91 Vhfwlrq : frqfoxghv1

2 A�i 4L_i*

2�� ,?��hL?4i?|

Ohw xv frqvlghu d wzr0shulrg ROJ prgho zlwk lghqwlfdo krxvhkrogv zlwklq hdfk
jhqhudwlrq1 Wlph lv glvfuhwh1 Hdfk jhqhudwlrq lv ghqrwhg e| lwv wlph ri eluwk1

Doo lqglylgxdov ri d jhqhudwlrq w olyh wkh �uvw shulrg iru vxuh1 Gxulqj wkdw
shulrg ri xqlwdu| ohqjwk/ doo lqglylgxdov zrun/ dqg vdyh vrph prqh| wr ixqg wkhlu
frqvxpswlrq gxulqj wkh vhfrqg shulrg/ zklfk lv d shulrg ri uhwluhphqw1

Krzhyhu/ qrw doo phpehuv ri d frkruw w zloo olyh wkh vhfrqg shulrg= rqo| d
sursruwlrq !w.4 ri jhqhudwlrq w zloo gr vr +3 � !w.4 � 4,1< Wkh vxuylyruv ri frkruw
w zloo hqmr| d vhfrqg shulrg ri ohqjwk �w.4 +3 � �w.4 � 4,1 Khqfh/ zkloh wkh vxp
4 . !w.4�w.4 lv wkh olih h{shfwdqf|/ 4. �w.4 frqvwlwxwhv wkh olplw0orqjhylw|1
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Iljxuh 6= Vxuylydo fxuyhv

Dowkrxjk uxglphqwdu|/ wkh vxuylydo fxuyhv lq wklv prgho fdswxuh wkh wzr dvshfwv
ri orqjhylw| xqghu vwxg| +vhh Iljxuh 6,1 Wkh fxuyh fdq ehfrph pruh uhfwdqjxodu

bB��i? |�@| @** 4i4Miht Lu @ }i?ih@|�L? *��i |�i �ht| Tih�L_ i?|�hi*)c |��t @4L�?|t |L @tt�4�?}
|�@| |�i h�t! Lu _i@|� �t u�**) UL?Ui?|h@|i_ @| |�i Mi}�??�?} Lu |�i tiUL?_ Tih�L_�
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zkhq wkh sursruwlrq ri vxuylyruv ri wkh �uvw shulrg lqfuhdvhv/ exw wkhuh fdq dovr eh
d ulvh lq olplw0orqjhylw|/ dv vkrzq e| d vkliw ri wkh vxuylydo fxuyh wr wkh uljkw1

2�2 �L?t�4T|�L? @?_ t@��?}t

Frqvxpswlrq gxulqj wkh �uvw shulrg/ ghqrwhg e| fw/ lv htxdo wr=

fw @ +4� �,zw � vw +4,

zkhuh zw lv wkh zdjh/ � lv wkh wd{ udwh/ zkloh vw lv vdylqjv1 Lw lv dvvxphg wkdw/ dw
wkh hqg ri wkh �uvw shulrg/ hdfk lqglylgxdo ghsrvlwv klv vdylqjv dw d pxwxdo ixqg1
Wkh pxwxdo ixqg lqyhvwv wkhvh vdylqjv lq fdslwdo/ dqg jxdudqwhhv d jurvv uhwxuq
htxdo wr �Uw.4 wr wkh vxuylylqj rog1 Wkh jurvv uhwxuq �Uw.4 lv htxdo/ xqghu shuihfw
frpshwlwlrq/ wr Uw.4@!w.4 +zkhuh Uw.4 ghqrwhv wkh uhwxuq rq lqyhvwhg fdslwdo,1 Iru
frqyhqlhqfh/ lw lv dovr vxssrvhg wkdw d shuihfw dqqxlwlhv pdunhw h{lvwv143

Wrwdo frqvxpswlrq gxulqj wkh vhfrqg shulrg lv wkxv=

�w.4gw.4 @ �Uw.4vw +5,

zkhuh gw.4 ghqrwhv dqqxlwl}hg frqvxpswlrq zkhq ehlqj rog1
Ohw xv qrz frqvlghu wkh vdylqjv ghflvlrq1 Hdfk phpehu ri d frkruw w pxvw/ dw

wlph w/ fkrrvh d vdylqjv ohyho vw/ exw wkdw ghflvlrq pxvw eh pdgh zlwkrxw d shuihfw
nqrzohgjh ri zkdw wkh sursruwlrq ri vxuylyruv lq frkruw w +l1h1 !w.4, dqg wkh ohqjwk
ri wkh vhfrqg shulrg +l1h1 �w.4, zloo eh1 Jlyhq wkdw qr djhqw nqrzv/ dw wlph w/
wkh ohyhov ri !w.4 dqg �w.4/ wkh vdylqjv ghflvlrq pxvw eh edvhg rq h{shfwdwlrqv iru

�fA�ihi 4�t| @*tL i �t| tL4i uLh4 Lu UL?|h@U| @**L��?} |�@| |�i ThL_�U|�L? ThLUitt |@!it T*@Ui
L�ih @ Tih�L_ Lu �?�|@h) *i?}|�c ���*i |�i UL?t�4T|�L? Lu |�i L*_ E|�@?!t |L |�i�h t@��?}t �?UL4i�
*@t|t L?*) L�ih @ Tih�L_ Lu *i?}|� b|n��
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wkrvh yduldeohv/ zklfk vkdoo eh ghqrwhg e| uhvshfwlyho| !hw.4 dqg �hw.41
Dv lw lv zhoo0nqrzq/ ydulrxv dvvxpswlrqv fdq eh pdgh rq krz djhqwv irup wkhlu

h{shfwdwlrqv1 Rqh frxog/ iru lqvwdqfh/ dvvxph �{hg h{shfwdwlrqv = djhqwv ri doo
hsrfkv zrxog h{shfw wkh vdph ohyhov ri !w.4 dqg �w.4 ^l1h1 !hw.4 @ ! dqg �hw.4 @ �`1
Krzhyhu/ lw lv kdug wr vhh zk| djhqwv zrxog uho| iruhyhu rq vxfk �{hg eholhiv1 Dq
dowhuqdwlyh dvvxpswlrq frqvlvwv ri dvvxplqj shuihfw iruhvljkw = djhqwv pljkw shu0
ihfwo| dqwlflsdwh wkh ohyhov ri !w.4 dqg �w.4 ^l1h1 !hw.4 @ !w.4 dqg �hw.4 @ �w.4`1
Qhyhuwkhohvv/ wkdw dvvxpswlrq dprxqwv wr dvvxplqj qrw rqo| wkdw djhqwv nqrz wkh
ixqfwlrqdo irupv iru !w.4 dqg �w.4/ exw/ dovr/ wkdw wkh| kdyh dffxudwh hvwlpdwhv ri
wkh sdudphwhuv lqyroyhg lq wkhvh1 Lq wkh oljkw ri wkh gl�fxowlhv idfhg e| ghprjud0
skhuv lq wkhlu dwwhpswv wr txdqwli| wkh lq�xhqfh ri ydulrxv idfwruv d�hfwlqj vxuylydo
frqglwlrqv/ dvvxplqj shuihfw h{shfwdwlrqv lq wkh suhvhqw frqwh{w lv lqdghtxdwh144

Khqfh/ zh vkdoo pdnh khuh wkh lqwhuphgldwh srvwxodwh dffruglqj wr zklfk djhqwv
kdyh dgdswlyh h{shfwdwlrqv/ lq wkh vhqvh wkdw djhqwv ri frkruw w eholhyh wkdw ghpr0
judsklf yduldeohv !w.4 dqg �w.4 zloo h{klelw wkh vdph ohyhov dv wkh rqhv dfklhyhg e|
wkh suhylrxv frkruw w� 4 ^l1h1 !hw.4 @ !w dqg �hw.4 @ �w`145

Li rqh dvvxphv dgdswlyh h{shfwdwlrqv/ dv zhoo dv wlph0dgglwlyh olihwlph zhoiduh/
lqglylgxdo h{shfwhg olihwlph xwlolw| lv/ xqghu orjdulwkplf whpsrudo zhoiduh=

xw @ oq+fw, . � ^!w +�w oq +gw.4,, . +4� !w,3`

@ oq +fw, . �!w�w oq +gw.4, +6,

zkhuh � lv d glvfrxqw idfwru +� A 3,/ zkloh wkh idfwru lq eudfnhw lv wkh vhfrqg shulrg
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h{shfwhg xwlolw| +xqghu wkh dvvxpswlrq wkdw wkh xwlolw| ri ehlqj ghdg lv }hur,146

Vxevwlwxwlqj iru wkh �uvw dqg vhfrqg shulrg exgjhw frqvwudlqwv lq +6, |lhogv=

oq +zw+4� �,� vw, . �!w�w oq
�Uw.4vw

�w!w
�

+7,

Khqfh/ wkh rswlpdo vdylqjv ohyho v�w lv=

v�w @ �!w�w
4 . �!w�w +4� �,zw +8,

Wkh h{shfwhg suredelolw| ri vxuylydo dqg ohqjwk ri wkh vhfrqg shulrg kdyh d srvlwlyh
0 exw ghfolqlqj 0 lq�xhqfh rq wkh surshqvlw| wr vdyh1

2�� �hL_�U|�L? @?_ U@T�|@* @UU�4�*@|�L?

Surgxfwlrq whfkqrorj| kdv wkh Free0Grxjodv irup/ zlwk fdslwdo Nw dqg oderxu Ow=

\w @ DN�w O4��w +9,

zkhuh \w lv wkh rxwsxw/ D lv d surgxfwlylw| sdudphwhu +D A 3,/ � lv d sdudphwhu +3
? � ? 4,/ zkloh Ow jurzv dw d frqvwdqw udwh q= Ow.4 @ Ow+4 . q,147

Sur�w pd{lpl}dwlrq e| �upv lpsolhv=
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zw @ +4� �,Dn�w +:,

Uw @ �Dn��4w +;,

zkhuh nw ghqrwhv wkh fdslwdo shu zrunhu1
Lw lv vxssrvhg wkdw wkhuh lv d ixoo ghsuhfldwlrq ri fdslwdo diwhu rqh shulrg1 Khqfh/

wkh fdslwdo pdunhw htxloleulxp Nw.4 @ Owvw lpsolhv=

nw.4 @ +4� �,+4� �,
4 . q Dn�w �!w�w

4 . �!w�w +<,

2�e BL�ih?4i?|

Wkh jryhuqphqw lpsohphqwv wzr nlqgv ri srolflhv= rq wkh rqh kdqg/ sxeolf vshqglqj
jw d�hfwlqj wkh sursruwlrq ri vxuylyruv lq d frkruw +h1j1 suhyhqwlyh surjudpv djdlqvw
oxqj fdqfhu,> rq wkh rwkhu kdqg/ sxeolf vshqglqj uw/ zklfk udlvh wkh ohqjwk ri olih
hqmr|hg e| vxuylyruv +h1j1 uhvhdufk djdlqvw djhlqj glvhdvhv,148

Wkh jryhuqphqw*v exgjhw frqvwudlqw lv=

�zw @ jw . uw +43,

Iru frqyhqlhqfh/ zh vkdoo lqwurgxfh wkh sdudphwhu #w +3 � #w � 4,/ zklfk lv
wkh vkduh ri wkh exgjhw ghglfdwhg wr srolflhv jw d�hfwlqj !w.4/ zkloh wkh sursruwlrq
+4�#w, ri wkh exgjhw lv ghglfdwhg wr uw1 Wkh frpsrvlwlrq ri wkh exgjhw lv dvvxphg
wr eh frqvwdqw ryhu wlph +#w @ # ;w,/ vr wkdw jw @ #�zw dqg uw @ +4� #,�zw1
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Wkh sursruwlrq ri vxuylyruv !ww.4 dqg wkh ohqjwk ri wkh vhfrqg shulrg �ww.4 duh vxs0
srvhg wr eh lq�xhqfhg srvlwlyho| e| hfrqrplf survshulw|/ iroorzlqj wkh odujh hp0
slulfdo hylghqfh vkrzlqj wkdw ulfkhu frxqwulhv duh jhqhudoo| fkdudfwhul}hg e| ehwwhu
vxuylydo frqglwlrqv wkdq srruhu frxqwulhv149

Krzhyhu/ dv Guh}h dqg Vhq +4<;<, dqg Dqdqg dqg Udydoolrq +4<<6, hpskdvl}hg/
frxqwulhv zlwk htxdo ghyhorsphqw ohyhov duh qrw htxdoo| jrrg dw frqyhuwlqj zhdowk
lq khdowk/ dqg sxeolf srolflhv frqvwlwxwh d fuxfldo fkdqqho e| zklfk wkh zhdowk ri
Qdwlrqv d�hfwv wkh khdowk ri Qdwlrqv1 Wkxv/ zh vkdoo glvwlqjxlvk khuh wzr lq�xhqfhv
ri zhdowk rq !w.4 dqg �w.4= �uvw/ wkh lq�xhqfh ri survshulw| lqghshqghqwo| iurp
sxeolf lqwhuyhqwlrq/ zklfk lv fdswxuhg e| wkh qhw zdjh �zw +l1h1 qhw ri wd{,> vhfrqg/
wkh lq�xhqfh ri wkh jryhuqphqw/ wkurxjk sxeolf vshqglqj14: Sxeolf lqwhuyhqwlrq
wdnhv khuh wkh irup ri wzr h{shqglwxuhv= jw +d�hfwlqj !w.4,/ dqg uw +d�hfwlqj �w.4,1

Ilqdoo|/ zh vkdoo dovr dvvxph wkdw !w.4 dqg �w.4 ghshqg qrw rqo| rq wkh ohyho ri
hfrqrplf survshulw| dqg sxeolf srolflhv/ exw/ dovr/ rq sdvw orqjhylw| dfklhyhphqwv1
Dfwxdoo|/ ghprjudskhuv vxfk dv Ydoolq hw do +5334, hpskdvl}hg wkh fuxfldo uroh
sod|hg e| kdelwv dqg fxvwrpv lq pruwdolw|/ vr wkdw lw pdnhv vhqvh wr vxssrvh wkdw
wkh orqjhylw| dfklhyhphqwv ri d sduwlfxodu frkruw duh/ wr vrph h{whqw/ ghshqghqw
rq orqjhylw| dfklhyhphqwv ri suhylrxv frkruwv1 Vxfk d ghshqghqf| rq wkh sdvw pd|
h{sodlq zk| wzr frxqwulhv zlwk wkh vdph ohyho ri ghyhorsphqw dqg wkh vdph sxeolf
srolf| gr qrw qhfhvvdulo| h{klelw lghqwlfdo vxuylydo frqglwlrqv1

Khqfh/ !w.4 dqg �w.4 duh dvvxphg wr eh ghwhuplqhg dv iroorzv=
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!w.4 @ E!w . � �zw . �jw
4 . � �zw . �jw +44,

�w.4 @ U�w . % �zw .  uw
4 . % �zw .  uw +45,

zkhuh �zw � +4� �,zw lv wkh qhw zdjh1 E dqg U duh kdelwv sdudphwhuv +3 ? E ? 4/
3 ? U ? 4,/ � dqg � uh�hfw wkh lpsdfwv ri �zw dqg jw rq !w.4/ dqg % dqg  uh�hfw
wkh h�hfwv ri �zw dqg uw rq �w.41

Ehvlghv wkhlu dqdo|wlfdo frqyhqlhqf|/ wkh srvwxodwhg surgxfwlrq ixqfwlrqv iru
!w.4 dqg �w.4 h{klelw vrph sodxvleoh surshuwlhv= surylghg � dqg  duh srvlwlyh/
sxeolf h{shqglwxuhv jw dqg uw kdyh d srvlwlyh exw ghfolqlqj h�hfw rq !w.4 dqg �w.4
uhvshfwlyho|1 Pruhryhu/ sxeolf h{shqglwxuhv dqg wkh qhw zdjh duh khuh vxssrvhg
wr eh vxevwlwxwhv +h1j1 wkh srvlwlyh h�hfw ri jw rq !w.4 lv ghfuhdvlqj lq �zw,/ zklfk
lv vxssruwhg e| hpslulfdo hylghqfh vxjjhvwlqj wkdw sxeolf srolf| fdq vhuyh dv d
vxevwlwxwh iru sulydwh zhdowk +vhh Guh}h dqg Vhq/ 4<;<,14;

Lq wklv sdshu/ zh vkdoo vxssrvh wkdw fdslwdo shu zrunhu kdv d joredoo| srvlwlyh
lq�xhqfh rq !w.4 dqg �w.4/ zklfk dprxqwv wr dvvxplqj wkdw wkh lqhtxdolwlhv +4�
�,�.��# A 3 dqg +4��,%.� +4�#, A 3 duh vdwlv�hg1 Qrwh wkdw wklv dvvxpswlrq
vhhpv wr eh/ lq wkh oljkw ri wkh hpslulfdo olwhudwxuh/ d txlwh sodxvleoh srvwxodwh1
Wkdw dvvxpswlrq lv frpsdwleoh zlwk d qhjdwlyh h�hfw ri �zw rq !w.4 dqg �w.4 +l1h1 d
qhjdwlyh � dqg %,/ dv orqj dv sxeolf lqwhuyhqwlrq lv vx�flhqwo| odujh dqg surgxfwlyh1
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Lq rughu wr vwxg| wkh h{lvwhqfh ri d qrq0wulyldo vwhdg|0vwdwh htxloleulxp/ zh fdq �uvw
gh�qh wkh nn/ !! dqg �� orfl lq wkh 60glphqvlrqdo +n> !> �, vsdfh/ dqg irupxodwh
wkh txhvwlrq ri wkh h{lvwhqfh ri d qrq0wulyldo vwhdg|0vwdwh dv wkh lvvxh ri zkhwkhu
wkrvh wkuhh orfl lqwhuvhfw vrphzkhuh lq wkh +n> !> �, vsdfh1

Il{lqj nw.4 @ nw @ n lq wkh fdslwdo htxloleulxp htxdwlrq +<, doorzv xv wr ghulyh
wkh nn orfxv/ zklfk jlyhv xv/ iru hdfk frpelqdwlrq ri ! dqg �/ wkh ydoxh ri n vxfk
wkdw n lv frqvwdqw=

n @
�+4� �,+4� �,D�!�

+4 . q,+4 . �!�,
� 4

4�� +46,

Vlploduo|/ �{lqj !w.4 @ !w @ ! lq wkh vxuylydo surgxfwlrq ixqfwlrq +44, doorzv
xv wr ghulyh wkh !! orfxv=

n @
�
! 4�E
D+4� !,+4� �,+�+4� �, . ��#,

� 4
� +47,

Ilqdoo|/ �{lqj �w.4 @ �w @ � zlwklq wkh orqjhylw| surgxfwlrq ixqfwlrq +45,
doorzv xv wr ghulyh wkh �� orfxv=

n @
�
� 4�U
D+4� �,+4� �,+%+4� �, .  �+4� #,,

� 4�

+48,

Zkhq wkh orfl nn/ !! dqg �� lqwhuvhfw qrw rqo| dw wkh ruljlq/ exw/ dovr/ dw
dqrwkhu srlqw lq wkh vsdfh +n> !> �,/ wkh odwwhu srlqw fruuhvsrqgv wr d qrq0wulyldo
vwhdg|0vwdwh/ wkdw lv/ d vwdwh ri wkh hfrqrp| dw zklfk erwk n/ ! dqg � duh frqvwdqw
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ryhu wlph1 Vxfk dq lqwhuvhfwlrq ri wkh wkuhh orfl lv looxvwudwhg rq Iljxuh 714<

k

longevity survival

Iljxuh 7= H{lvwhqfh

k

longevity survival

Iljxuh 8= Qrq h{lvwhqfh

Grhv vxfk dq lqwhuvhfwlrq dozd|v h{lvwB Wkh dqvzhu wr wkdw txhvwlrq lv qhjdwlyh1
Dv wklv lv vkrzq rq Iljxuh 8/ lw pljkw eh wkh fdvh wkdw wkh wkuhh orfl lqwhuvhfw rqo|
dw wkh ruljlq ri d{hv/ vr wkdw d qrq0wulyldo vwhdg|0vwdwh grhv qrw h{lvw1

Ohw xv qrz frqvlghu frqglwlrqv jxdudqwhhlqj wkh h{lvwhqfh ri d qrq0wulyldo vwhdg|0
vwdwh htxloleulxp1 Dv vwdwhg lq Sursrvlwlrq 4/ surylghg wkh wrwdo lq�xhqfh ri fdslwdo
shu zrunhu rq ! dqg � lv srvlwlyh ^l1h1 +4��,�.��# A 3 dqg +4��,%.� +4�#, A 3`/
wkh frqglwlrq � ? 4@6 jxdudqwhhv wkh h{lvwhqfh ri d qrq0wulyldo vwhdg|0vwdwh153

Sursrvlwlrq 4 Surylghg +4 � �,� . ��# A 3 dqg +4 � �,% . � +4 � #, A 3/ d
vx�flhqw frqglwlrq iru wkh h{lvwhqfh ri d qrq0wulyldo vwhdg|0vwdwh lv � ? 4@61

Jlyhq wkdw wkh fdslwdo shu zrunhu n lv olnho| wr kdyh d srvlwlyh qhw h�hfw rq
ghprjudsklf yduldeohv ! dqg �/ wkh fuxfldo sduw ri Sursrvlwlrq 4 frqfhuqv wkh hodv0
wlflw| ri rxwsxw zlwk uhvshfw wr fdslwdo �1 Dq hodvwlflw| orzhu wkdq 4@6 lpsolhv wkdw
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d qrq0wulyldo vwhdg|0vwdwh h{lvwv1 Rq wkh frqwudu|/ li � � 4@6/ wkh h{lvwhqfh ri d
qrq0wulyldo vwhdg|0vwdwh htxloleulxp lv qrw jxdudqwhhg1

Qrwh wkdw � ? 4@6 lv rqo| d vx�flhqw frqglwlrq iru wkh h{lvwhqfh ri d qrq0wulyldo
vwhdg|0vwdwh/ dqg qrw d qhfhvvdu| frqglwlrq/ vr wkdw hfrqrplhv zlwk d kljkhu � fdq
dovr/ xqghu vrph flufxpvwdqfhv/ h{klelw vxfk d vwhdg|0vwdwh1 Wkdw srlqw lv zruwk
ehlqj xqghuolqhg/ dv uhfhqw hpslulfdo hvwlpdwhv vxjjhvw wkdw � lv olnho| wr eh voljkwo|
kljkhu wkdq 4@6/ dqg htxdo wr 3169 +vhh Dpeohu/ 5333,1

��2 N?�^�i?itt

Uhjduglqj wkh xqltxhqhvv ri qrq0wulyldo vwhdg|0vwdwhv/ Sursrvlwlrq 5 vwdwhv wkdw wkh
frqglwlrqv jxdudqwhhlqj wkh h{lvwhqfh ri d vwhdg|0vwdwh lpso| dovr lwv xqltxhqhvv154

Sursrvlwlrq 5 Surylghg +4 � �,� . ��# A 3 dqg +4 � �,% . � +4 � #, A 3/ d
vx�flhqw frqglwlrq iru wkh xqltxhqhvv ri d qrq0wulyldo vwhdg|0vwdwh lv wkdw � ? 4@61

Wkxv/ xqghu d joredoo| srvlwlyh h�hfw ri fdslwdo shu zrunhu rq ghprjudsklf
yduldeohv ! dqg �/ wkh frqglwlrq � ? 4@6 jxdudqwhhv wkh h{lvwhqfh dqg xqltxhqhvv
ri d qrq0wulyldo vwhdg|0vwdwh1 Rq wkh frqwudu|/ li � � 4@6/ wkhq qhlwkhu wkh h{lvwhqfh
qru wkh xqltxhqhvv ri wkh vwhdg|0vwdwh lv jxdudqwhhg= d vwhdg|0vwdwh pd| qrw h{lvw
+dv rq Iljxuh 8,/ ru vhyhudo qrq0wulyldo htxloleuld pd| h{lvw +dv rq Iljxuh 9,155
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k

longevity
survival

Iljxuh 9= Pxowlsoh htxloleuld

Wkh srvvleoh pxowlsolflw| ri qrq0wulyldo vwhdg|0vwdwhv lv d ghvludeoh surshuw| ri
wklv prgho/ dv lw lv ixoo| frpsdwleoh zlwk wkh hpslulfdo olwhudwxuh vkrzlqj wkh odujh
khwhurjhqhlw| ri klvwrulfdo hyroxwlrqv lq wkh +n> !> �, vsdfh +vhh Sulwfkhww dqg Vxp0
phuv/ 4<<9,1 Dfwxdoo|/ sdqho gdwd rq surgxfwlrq dqg vxuylydo frqglwlrqv durxqg
wkh zruog vkrz wkdw/ zkloh d jurxs ri lqgxvwuldol}hg frxqwulhv kdv/ gxulqj wkh odvw
ghfdghv/ frqyhujhg wrzdugv d vwhdg|0vwdwh h{klelwlqj d kljk survshulw| dqg idyru0
deoh vxuylydo frqglwlrqv/ rwkhu frxqwulhv kdyh uhpdlqhg dw orz ohyhov ri surgxfwlrq/
dqg nhsw rq h{klelwlqj h{wuhpho| edg vxuylydo frqglwlrqv1 Vxfk d khwhurjhqhlw| ri
klvwrulfdo hyroxwlrqv fdqqrw eh h{sodlqhg e| d prgho zkhuh wkh qrq0wulyldo vwhdg|0
vwdwh lv xqltxh/ ehfdxvh/ lq vxfk d prgho/ doo hfrqrplhv pxvw frqyhujh wrzdugv wkh
vdph htxloleulxp1 Krzhyhu/ wkh suhvhqw prgho/ zkhuh pxowlsoh htxloleuld fdq/ xqghu
� � 4@6/ rffxu/ dffrxqwv iru wkh khwhurjhqhlw| lq klvwrulfdo h{shulhqfhv1

��� 5|@M�*�|)

Kdylqj glvfxvvhg wkh h{lvwhqfh dqg xqltxhqhvv ri qrq0wulyldo vwhdg|0vwdwhv/ rqh
vkrxog dovr qrwlfh wkdw wkh qrq0wulyldo htxloleulxp/ zkhq lw h{lvwv dqg lv xqltxh/
lv/ xqghu plog frqglwlrqv/ orfdoo| vwdeoh1 Zkhuhdv wkh irupdo lghqwl�fdwlrq ri wkh
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frqglwlrqv xqghu zklfk wkh vwdelolw| krogv lv ohiw wr wkh Dsshqgl{/ rqh fdq kdyh
dq lghd ri wkh vwdelolw| surshuwlhv ri wkh vwhdg|0vwdwh e| vwxg|lqj/ rq wkh skdvh
gldjudp +Iljxuh 7,/ wkh g|qdplfv suhydlolqj durxqg wkh gl�huhqw orfl1

Zkloh n pxvw jurz +uhvs1 idoo, li lw olhv ehorz +uhvs1 deryh, wkh nn orfxv/ !
pxvw jurz +uhvs1 idoo, rq wkh ohiw +uhvs1 uljkw, ri wkh !! orfxv1 Pruhryhu/ � pxvw
lqfuhdvh +uhvs1 ghfuhdvh, li lw lv rq wkh uljkw +uhvs1 ohiw, ri wkh �� orfxv1 Khqfh/ wkh
qrq0wulyldo htxloleulxp/ li lw h{lvwv dqg lv xqltxh/ lv olnho| wr eh orfdoo| vwdeoh1 Li/
iru lqvwdqfh/ wkh hfrqrp| lv lqlwldoo| orfdwhg dw d srlqw rq wkh ohiw ri wkh !! dqg nn
orfl/ dqg rq wkh uljkw ri wkh �� orfxv/ fdslwdo pxvw idoo/ zkloh erwk orqjhylw| dqg
wkh suredelolw| ri vxuylydo pxvw jurz/ vr wkdw wkh hfrqrp| zloo qhfhvvdulo| pryh
grzqzdugv wrzdugv wkh nn orfxv/ exw/ jlyhq wkdw ! dqg � duh vwloo jurzlqj lq wkdw
duhd/ wkh hfrqrp| zloo pryh rq wkh rwkhu vlgh ri wkh nn orfxv/ dqg hqwhu dq duhd lq
zklfk erwk n/ ! dqg � zloo jurz/ xqwlo dq lqwhuvhfwlrq ri wkh wkuhh orfl lv uhdfkhg/
vr wkdw wkh qrq0wulyldo vwhdg|0vwdwh lv orfdoo| vwdeoh1

Zkhq vhyhudo htxloleuld h{lvw/ dv rq Iljxuh 9/ wkh lqwhuphgldwh htxloleulxp lv
xqvwdeoh/ ehfdxvh doo g|qdplf irufhv durxqg lw srlqw rxw wrzdugv hlwkhu wkh rwkhu
qrq0wulyldo vwhdg|0vwdwh/ ru/ rq wkh frqwudu|/ wrzdugv wkh ruljlq ri d{hv1 Wklv uhvxow
lv lq frqiruplw| zlwk wkh h{lvwhqfh ri sryhuw| wudsv1 Wkh h{lvwhqfh ri vxfk wudsv lv
kdugo| vxusulvlqj= jlyhq wkdw/ xqghu wkh dvvxpswlrqv pdgh/ orqjhylw| dqg fdslwdo
dffxpxodwlrq whqg wr uhlqirufh hdfk rwkhuv/ lw lv fuxfldo/ li fdslwdo sod|v d vxevwdqwldo
uroh lq surgxfwlrq/ wkdw lqlwldo vxuylydo frqglwlrqv dqg fdslwdo duh vx�flhqwo| kljk=
rwkhuzlvh/ qhlwkhu hfrqrplf qru ghprjudsklf wdnh0r� fdq wdnh sodfh1

e �L4T@h@|��i t|@|�Ut

Ohw xv qrz frqvlghu wkh lq�xhqfhv ri ydulrxv sdudphwhuv rq wkh vwhdg|0vwdwh ydoxhv
ri n/ ! dqg �1 Wkh vljqv ri wkrvh h�hfwv duh vxppdul}hg rq Wdeoh 41
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Wkh sdudphwhuv D/ � dqg q/ zklfk d�hfw wkh dffxpxodwlrq ri fdslwdo gluhfwo|/
dovr lq�xhqfh wkh vwhdg|0vwdwh ohyhov ri ! dqg � lq wkh vdph gluhfwlrqv1 Wklv lqgluhfw
lq�xhqfh iroorzv iurp wkh srvwxodwhg hqgrjhqhlw| ri ! dqg �= fdslwdo dffxpxodwlrq
kdv khuh d srvlwlyh lpsdfw rq ! dqg �1 Krzhyhu/ zkloh dq| idfwru idyrxulqj fdslwdo
dffxpxodwlrq udlvhv dovr !� dqg ��/ zkhwkhu wkh lpsolhg ulvh lq olplw0orqjhylw|
h{fhhgv wkh whqghqf| wrzdugv uhfwdqjxodul}dwlrq ghshqgv rq zkhwkhu n kdv d odujhu
h�hfw rq ! ru rq �1 Wklv lv ghwhuplqhg qrw rqo| e| wkh sdudphwhuv lq wkh surgxfwlrq
ixqfwlrqv ri ! dqg �/ exw/ dovr/ e| sxeolf srolf| sdudphwhuv � dqg #1

Pruhryhu/ wkh sdudphwhuv hqwhulqj wkh vxuylydo surgxfwlrq ixqfwlrq 0 l1h1 �/
� dqg E 0 gr qrw rqo| d�hfw !� srvlwlyho|/ exw/ dovr/ yld wkhlu srvlwlyh h�hfw rq
fdslwdo dffxpxodwlrq/ ��1 Iru lqvwdqfh/ li suhyhqwlyh sxeolf h{shqglwxuhv djdlqvw
oxqj fdqfhuv ehfrph pruh surgxfwlyh lq whupv ri ! +l1h1 � lv udlvhg,/ wklv zloo dovr
udlvh n� dqg ��1 Wklv lqgluhfw lq�xhqfh frphv iurp wkh vdylqjv ghflvlrq= pruh
suhyhqwlrq djdlqvw oxqj fdqfhu lqfuhdvhv !/ zklfk/ e| lqfuhdvlqj vdylqjv/ ohdgv wr d
kljkhu rxwsxw/ dqg/ lq �qh/ wr d kljkhu orqjhylw| �1 Wkh vdph nlqg ri lqgluhfw h�hfw
krogv iru doo sdudphwhuv hqwhulqj wkh surgxfwlrq ri �= Khqfh/ d pdmru ihdwxuh ri wklv
prgho lv wkdw wkh ulvh lq olplw0orqjhylw| dqg wkh uhfwdqjxodul}dwlrq whqg wr uhlqirufh
hdfk rwkhu lqgluhfwo|/ yld wkhlu frpprq uhodwlrqvkls zlwk fdslwdo dffxpxodwlrq1

Wdeoh 4= Frpsdudwlyh vwdwlfv uhvxowv
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Sdudphwhu H�hfw rq n� H�hfw rq !� H�hfw rq ��

D . . .
� . . .
q � � �
E . . .
� . . .
� . . .
U . . .
% . . .
 . . .
� B B B
# B B B

Ilqdoo|/ lw vkrxog dovr eh vwuhvvhg wkdw wkh lq�xhqfh ri sxeolf srolf| sdudphwhuv
� dqg # rq wkh vwhdg|0vwdwh lv dpeljxrxv1

Wkh xqnqrzq lpsdfw ri � iroorzv iurp wkh idfw wkdw wd{dwlrq kdv wzr rssrvlwh
h�hfwv rq fdslwdo dffxpxodwlrq= rq wkh rqh kdqg/ d kljkhu � / e| vkulqnlqj wkh vkduh
ri wkh zdjh dydlodeoh iru vdylqjv/ whqgv wr vorzgrzq fdslwdo dffxpxodwlrq> rq wkh
rwkhu kdqg/ li rqh vxssrvhv wkdw jryhuqphqwdo lqwhuyhqwlrq eulqjv vrph h{wud0ydoxh
dv idu dv vxuylydo frqglwlrqv duh frqfhuqhg/ d kljkhu � ohdgv wr d ulvh lq ! dqg �/
zklfk surprwhv fdslwdo dffxpxodwlrq1 Khqfh/ wkrvh rssrvlwh h�hfwv lpso| wkdw wkh
lpsdfw ri udlvlqj � rq vwhdg|0vwdwh fdslwdo lv xqnqrzq1 Exw/ jlyhq wkdw ! dqg � duh
dovr lq�xhqfhg e| wkh xqwd{hg zdjh/ wkh h�hfw ri � rq wkhlu ohyhov lv dovr xqnqrzq1

Wkh lpsdfw ri # rq wkh vwhdg|0vwdwh lv dovr dpeljxrxv= lq vrph fdvhv/ d kljkhu
sursruwlrq # ri wkh jryhuqphqw*v exgjhw doorfdwhg wr vxuylydo h{shqglwxuhv jw pd|
d�hfw wkh vwhdg|0vwdwh srvlwlyho|/ zkhuhdv lw pd| kdyh/ lq rwkhu fdvhv/ d qhjdwlyh
h�hfw rq qrw rqo| n�dqg ��/ exw/ dovr/ rq !�1 Wkh uhdvrq zk| vxfk d uhvxow pd| rffxu
lv wkdw fkdqjlqj # dprxqwv wr prylqj wkh !! dqg �� orfl lq rssrvlwh gluhfwlrqv
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+zkloh wkh nn orfxv uhpdlqv xqfkdqjhg,1 Khqfh/ jlyhq wkdw wkh vwhdg|0vwdwh !�

ghshqgv dovr rq zkhuh wkh �� orfxv olhv/ dq rswlpdo srolf| uhtxluhv/ dv zh vkdoo
vhh lq Vhfwlrq 9/ vrph nlqg ri cedodqfh* ehwzhhq wkh wzr nlqgv ri sxeolf surjudpv/
edodqfh zkrvh suhflvh irup ghshqgv rq wkh sdudphwhuv ghwhuplqlqj ! dqg �1

D A�i |h@?t�|�L? |L�@h_t |�i t|i@_)�t|@|i

Diwhu kdylqj vwxglhg wkh orqj0uxq g|qdplfv ri wkh prgho/ ohw xv qrz h{soruh lwv
vkruw0uxq g|qdplfv1 Iru wkdw sxusrvh/ wklv Vhfwlrq h{dplqhv qxphulfdoo| wkh fd0
sdflw| ri wkh prgho wr dffrxqw iru wkh revhuyhg vxffhvvlrq ri skdvhv ri uhfwdqjxodu0
l}dwlrq dqg ghuhfwdqjxodul}dwlrq gxulqj wkh wudqvlwlrq wrzdugv wkh vwhdg|0vwdwh1

Dv ghprjudskhuv hpskdvl}hg +vhh Ydoolq dqg Ehuolqjxhu/ 5334,/ wkh uhfwdqjx0
odul}dwlrq dqg wkh ulvh lq olplw0orqjhylw| kdyh qrw wdnhq sodfh wr wkh vdph h{whqwv
lq doo frxqwulhv dqg doo hsrfkv1 Uhfhqw vwxglhv ri wkh hyroxwlrq ri vxuylydo fxuyhv
ryhu wkh odvw wzr fhqwxulhv hpskdvl}hg wkdw wkh ghprjudsklf klvwru| ri d frxqwu|
fdq eh jhqhudoo| ghfrpsrvhg lqwr wzr vxffhvvlyh skdvhv +vhh \dvklq hw do/ 5334,1
Iluvwo|/ d skdvh zkhuh wkh whqghqf| wrzdugv uhfwdqjxodul}dwlrq h{fhhgv wkh ulvh
lq olplw0orqjhylw|/ vr wkdw wkh vxuylydo fxuyh/ dowkrxjk vkliwlqj wr wkh uljkw/ eh0
frphv pruh uhfwdqjxodu1 Wkdw skdvh lv iroorzhg e| d vhfrqg rqh/ zkhuh wkh ulvh lq
olplw0orqjhylw| h{fhhgv wkh uhfwdqjxodul}dwlrq/ vr wkdw wkh vxuylydo fxuyh pdnhv d
txdvl0sdudooho vkliw wr wkh uljkw1 Wklv frqvwlwxwhv wkh cghuhfwdqjxodul}dwlrq* skdvh1

Ghprjudskhuv fdq h{sodlq wkh glyhuvlw| ri hyroxwlrqv ri vxuylydo fxuyhv dfurvv
frxqwulhv/ e| frqvlghulqj wkdw doo hfrqrplhv rffxs| gl�huhqw srvlwlrqv lq wkdw jhq0
hudo g|qdplf iudphzrun/ vrph frxqwulhv ehlqj vwloo lq wkh �uvw skdvh/ zkhuhdv rwkhuv
kdyh hqwhuhg wkh vhfrqg skdvh +h1j1 Iudqfh/ Xqlwhg0Vwdwhv/ Vzhghq,156

D yluwxh ri rxu prgho lv wkdw lw fdq uhsolfdwh wkdw wzr0skdvh wudqvlwlrq/ zkhuh

2�5ii v@t��? i| @* E2ff���
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d shulrg ri uhfwdqjxodul}dwlrq lv iroorzhg e| d shulrg ri ghuhfwdqjxodul}dwlrq157

Dfwxdoo|/ wzr vhwv ri dvvxpswlrqv doorz xv wr uhsurgxfh qxphulfdoo| d wudqvlwlrq
h{klelwlqj wkh vxffhvvlrq ri uhfwdqjxodul}dwlrq dqg ghuhfwdqjxodul}dwlrq skdvhv1

Rqh srvvlelolw| lv wr dvvxph wkdw wkh joredo h�hfw ri survshulw| rq wkh sursruwlrq
ri vxuylyruv !w.4 lv pxfk odujhu wkdq lwv lpsdfw rq olplw0orqjhylw| �w.41 Wklv
dprxqwv wr dvvxplqj wkdw wkh sdudphwhu � lq h{suhvvlrq +44, h{fhhgv vljql�fdqwo|
wkh sdudphwhu % lq +45,/ dqg wkdw wkh sdudphwhu � lq +44, h{fhhgv dovr wkh sdudphwhu
 lq +45,1 Wkrvh dvvxpswlrqv duh txlwh sodxvleoh= udlvlqj/ e| phdqv ri d sxeolf
srolf|/ wkh sursruwlrq ri djhqwv vxuylylqj wkh �uvw shulrg lv dq hdvlhu wdvn wkdq
pdnlqj shrsoh uhdfk h{wuhpho| kljk djhv +l1h1 � A  ,1 Pruhryhu/ wkh cqdwxudo*
lpsdfw ri survshulw| rq !w.4 h{fhhgv suredeo| lwv lpsdfw rq �w.4 +l1h1 � A %,1

Iljxuh : vkrzv wkh hyroxwlrq ri !w/ �w dqg olih0h{shfwdqf| 4 . !w�w iru wkh �uvw
48 shulrgv/ vwduwlqj iurp n3 @ 4/ !3 @ 3=7 dqg �3 @ 3=8 +lpso|lqj/ xqghu d shulrg
ri ohqjwk 73 |hduv/ dq lqlwldo olih h{shfwdqf| ri :6 |hduv,1 Zkloh wkh ghprjudsklf
sdudphwhuv E dqg U duh �{hg wr 3=;/ lw lv dvvxphg wkdw �/ htxdo wr 3=48/ h{fhhgv %/
htxdo wr 3=341 Pruhryhu/ �/ htxdo wr 3=58/ h{fhhgv vljql�fdqwo|  / htxdo wr 3=35158

Gxulqj wkh �uvw wkuhh shulrgv/ wkh vxevwdqwldo ulvh lq wkh sursruwlrq ri vxuylyruv
!w h{fhhgv wkh ulvh lq wkh ohqjwk ri wkh vhfrqg shulrg �w1 Wklv fruuhvsrqgv wr wkh
�uvw skdvh/ gxulqj zklfk uhfwdqjxodul}dwlrq lv grplqdqw1 Wkhq/ gxulqj wkh qh{w
9 shulrgv/ wkh rssrvlwh rffxuv= wkh ulvh lq �w h{fhhgv wkh ulvh lq !w= wklv lv wkh
ghuhfwdqjxodul}dwlrq skdvh1 Ilqdoo|/ diwhu shulrg </ !w dqg �w duh forvh wr wkhlu
vwhdg|0vwdwh ohyhov/ dqg wkhuh lv qhlwkhu d uhfwdqjxodul}dwlrq/ qru d ghuhfwdqjxodu0
l}dwlrq/ dv wkh vxuylydo fxuyh uhpdlqv frqvwdqw ryhu wlph1 Khqfh/ zkloh wkh olih
h{shfwdqf| 4.!w�w jurzv gxulqj shulrgv 3 wr </ wkh irufhv dw zrun ydu| ryhu wlph=

2eOL�i�ihc }��i? |�@| |��t 4L_i* _Lit ?L| t|�_) �?u@?| 4Lh|@*�|)c |��t 5iU|�L? U@? L?*) hiT*�U@|i
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gxulqj wkh �uvw skdvh/ wkh jurzwk lq olih h{shfwdqf| dulvhv pdlqo| wkdqnv wr wkh ulvh
lq !w/ zkloh wkh odwhu jurzwk lv fdxvhg pdlqo| e| wkh ulvh lq �w159
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Ilj1 := G|qdplfv ri !/ � dqg 4 . !�
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Ilj1 ;= G|qdplfv ri !/ � dqg 4 . !�

Lw lv dovr srvvleoh wr uhsolfdwh wkh revhuyhg vxffhvvlrq ri skdvhv ri uhfwdqjxodul}d0
wlrq dqg ghuhfwdqjxodul}dwlrq xqghu � � % dqg � �  / e| dvvxplqj d glvhtxloleulxp
lq wkh jryhuqphqw*v lqwhuyhqwlrq lq idyrxu ri srolflhv surprwlqj !w ^l1h1 # AA 4@5`1
Wkdw glvhtxloleulxp lv sodxvleoh/ dv sxeolf vshqglqj surprwlqj vxuylydo dw |rxqj
djhv h{fhhg jhqhudoo| sxeolf vshqglqj surprwlqj vxuylydo dw yhu| kljk djhv1

Wklv dowhuqdwlyh zd| wr uhsolfdwh wkh vxffhvvlrq ri skdvhv lv looxvwudwhg rq Iljxuh
;/ zklfk vkrzv wkh hyroxwlrq ri !w/ �w dqg olih0h{shfwdqf| 4 . !w�w/ vwduwlqj iurp
n3 @ 4/ !3 @ 3=7 dqg �3 @ 3=8 1 Zkloh � dqg � nhhs wkh vdph ydoxhv dv deryh/ %
lv �{hg wr 3=38/ dqg  lv �{hg wr 3=431 Pruhryhu/ lw lv dvvxphg wkdw <8 ( ri wkh
jryhuqphqw*v exgjhw lv ghglfdwhg wr h{shqglwxuhv jw +l1h1 # @ 3=<8,15:
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Iljxuh ; vkrzv/ gxulqj shulrgv 3 dqg 4/ d skdvh ri grplqdqw uhfwdqjxodul}dwlrq
+zkhuh wkh ulvh lq !w h{fhhgv wkh ulvh lq �w,/ zklfk lv iroorzhg/ gxulqj shulrgv 5 wr
9/ e| d skdvh ri ghuhfwdqjxodul}dwlrq +zkhuh wkh ulvh lq �w h{fhhgv wkh ulvh lq !w,1

S �T|�4@* T�M*�U TL*�U)

Ohw xv qrz h{dplqh wkh rswlpdo sxeolf lqwhuyhqwlrq1 Iru wkdw sxusrvh/ zh vkdoo
dvvxph wkdw wkh �vfdo fdsdflw| lv �{hg +l1h1 wkh wd{ udwh � lv jlyhq,/ dqg hvwlpdwh
wkh sdudphwhu # pd{lpl}lqj wkh vwhdg|0vwdwh xwlolw| ri d uhsuhvhqwdwlyh djhqw15;

Dowkrxjk vxfk d irfxv rq wkh vwhdg|0vwdwh ljqruhv doo jhqhudwlrqv olylqj gxulqj
wkh wudqvlwlrq/ dqdo|}lqj wkh rswlpdo sxeolf srolf| iurp d orqj0uxq shuvshfwlyh lv
qrqhwkhohvv uhohydqw/ ehfdxvh wkh hfrqrp| zloo uhpdlq iruhyhu dw wkdw htxloleulxp
rqfh wklv lv uhdfkhg1 Qrwh wkdw d irfxv rq d uhsuhvhqwdwlyh djhqw lv dovr d vlpsol�0
fdwlrq= rqh pd| zdqw/ rq hwklfdo jurxqgv/ wr ghsduw iurp wkdw dyhudjh ylhz1

Fdvh D= qhxwudo survshulw|= � @ % Ohw xv �uvw frqvlghu wkh fdvh zkhuh
survshulw| lv cqhxwudo*/ lq wkh vhqvh wkdw lw zrxog d�hfw/ lq wkh devhqfh ri sxeolf
lqwhuyhqwlrq/ wkh yduldeohv !w.4 dqg �w.4 lq dq htxdo pdqqhu1 Wkdw dvvxpswlrq
dprxqwv wr dvvxplqj wkdw wkh qhw zdjh kdv wkh vdph h�hfw rq !w.4 dqg �w.41

Xqghu wkdw srvwxodwh/ wkh rswlpdo orqj0uxq # ghshqgv vljql�fdqwo| rq wkh h{whqw
wr zklfk wkh wzr sxeolf vshqglqj jw dqg uw d�hfw uhvshfwlyho| !w.4 dqg �w.41 Wkh
vhqvlwlylw| ri #� wr wkh ghprjudsklf sdudphwhuv � dqg  lv looxvwudwhg rq Iljxuh </
zklfk vkrzv wkh dyhjduh olihwlph zhoiduh dw wkh vwhdg|0vwdwh dv d ixqfwlrq ri #15<

Vwhdg|0vwdwh dyhudjh olihwlph zhoiduh lv d qrq0prqrwrqlf ixqfwlrq ri #/ zkrvh
pd{lpxp ghshqgv rq sdudphwhuv � dqg  1 Li wkh wzr sxeolf srolflhv duh htxdoo|
h�flhqw dw udlvlqj uhvshfwlyho| !w.4 dqg �w.4 +l1h1 � @  ,/ wkh rswlpdo # lv 4251
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Rq wkh frqwudu|/ li lw lv hdvlhu wr udlvh wkh sursruwlrq ri vxuylyruv udwkhu wkdq
olplw0orqjhylw| +l1h1 � A  ,/ #� lv kljkhu wkdq 425/ dqg jurzlqj zlwk wkh �@ udwlr1
Krzhyhu/ hyhq li � lv wkuhh wlphv odujhu wkdq  / wkh rswlpdo #/ htxdo wr 31;9/ uhpdlqv
vpdoohu wkdq xqlw|/ vr wkdw lw lv vwloo ghvludeoh wr ghglfdwh d vljql�fdqw sduw ri wkh
exgjhw wr uw= Wkdw uhvxow frphv iurp wkh srvwxodwhg xwlolw| ixqfwlrq/ zklfk wuhdwv
!w.4 dqg �w.4 lq d v|pphwulf zd|/ vr wkdw vrph cedodqfh* lv dozd|v uhtxluhg ehwzhhq
wkh uhvrxufhv ghglfdwhg wr !w.4 dqg wr �w.41
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d = 0,10 and u = 0,10

d = 0,15 and u = 0,10

d = 0,15 and u = 0,05

Ilj1 <= Vhqvlwlylw| ri #� wr � dqg  
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B = 0,8 and R = 0,8

B = 0,7 and R = 0,8

B = 0,8 and R = 0,9

Ilj1 43= Vhqvlwlylw| ri #� wr E dqg U
Zkhuhdv Iljxuh < hpskdvl}hg wkdw gl�huhqfhv lq � dqg  d�hfw #� xqghu dq

htxdo ghshqghqfh ri !w.4 dqg �w.4 rq wkh sdvw ^l1h1 E @ U`/ wkdw odwwhu dvvxpswlrq
lv txlwh uhvwulfwlyh1 Dfwxdoo|/ wkh lpsdfw ri wkh sdvw lv olnho| wr eh vwurqjhu iru wkh
ghwhuplqdwlrq ri �w.4 wkdq iru !w.41 Iru lqvwdqfh/ vrph pdmru fdxvhv ri ghdwk iru
dgxowv 0 oxqj fdqfhuv 0 fdq rqo| eh wdfnohg e| uhshdwhg suhyhqwlyh dfwlrqv rq wkh
srsxodwlrqv frqfhuqhg/ dqg/ wkxv/ fdq kdugo| eh d�hfwhg e| sdvw dfklhyhphqwv/ vr
wkdw wkh lq�xhqfh ri wkh sdvw pd|/ iru !w.4/ eh orzhu wkdq iru �w.41

Dv vkrzq e| Iljxuh 43/ rqfh d gl�huhqwldo lq kdelwv sdudphwhuv lv lqwurgxfhg lq
idyrxu ri �w.4 ^l1h1 E ? U`/ #� ehfrphv vljql�fdqwo| kljkhu= #� htxdov :8 ( xqghu
E @ 3=: dqg U @ 3=;/ djdlqvw rqo| 8; ( xqghu E @ U @ 3=;163 Pruhryhu/ xqghu
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E @ 3=; dqg U @ 3=</ wkh rswlpdo orqj0uxq srolf| lv wr ghglfdwh ;: ( ri wkh exgjhw
wr jw1 Wkxv/ wkh frqmxqfwlrq ri d srvlwlyh cqdwxudo* lq�xhqfh ri survshulw| rq �w.4
zlwk vwurqjhu fxvwrpv pdnhv sxeolf vshqglqj uw ohvv qhhghg fhwhulv sdulexv1

Fdvh E= qrq0qhxwudo survshulw|= � 9@ % Zkloh zh dvvxphg vr idu wkdw surv0
shulw| zrxog/ zlwkrxw sxeolf lqwhuyhqwlrq/ d�hfw !w.4 dqg �w.4 lq d vlplodu pdqqhu
^l1h1 � @ %`/ vxfk d qhxwudolw| odfnv hpslulfdo vxssruw1 Dowkrxjk lw lv kdug wr vhsd0
udwh wkh frqwulexwlrqv ri hdfk 0 sulydwh dqg sxeolf 0 idfwruv rq orqjhylw|/ wkh cqdwxudo*
lq�xhqfh ri survshulw| lv olnho| wr eh vwurqjhu rq !w.4 wkdq rq �w.4/ dv vxjjhvwhg e|
wkh klvwrulfdo idfw wkdw/ dw shulrgv ri olplwhg sxeolf lqwhuyhqwlrq/ orqjhylw| surjuhvv
ehjdq zlwk d idoo lq pruwdolw| dw orz djhv/ ehiruh d�hfwlqj pruwdolw| dw roghu djhv164

Dv vkrzq rq Iljxuh 44/ uhgxflqj % iurp 3=38 wr 3=37 pdnhv #� idoo iurp 8; wr
78 (165 Wkh whqghqf| ri #� wr idoo zkhq % whqgv wr 3 lv qrw vxusulvlqj= li wkh
lpsdfw ri wkh qhw zdjh rq olplw0orqjhylw| lv yhu| vpdoo/ sxeolf lqwhuyhqwlrq ehfrphv
wkh xqltxh zd| wr udlvh �w.4/ vr wkdw wkh exgjhw vkrxog eh xqedodqfhg lq idyrxu
ri uw1 Khqfh/ #� ghshqgv rq wkh h{whqw wr zklfk !w.4 dqg �w.4 fdq jurz zlwkrxw
jryhuqphqwdo lqwhuyhqwlrq1 Li rqh kdv jrrg uhdvrqv wr eholhyh wkdw �w.4 fdq eh ohvv
hdvlo| udlvhg/ zlwkrxw sxeolf lqwhuyhqwlrq/ wkdq !w.4/ wklv mxvwl�hv d odujhu vkduh ri
wkh exgjhw wr eh vshqw rq srolflhv udlvlqj �w.4/ hyhq li wkh lpsdfw ri uw vshqglqj
rq �w.4 lv vpdoohu wkdq wkh lpsdfw ri jw rq !w.4 ^l1h1 � A  `1
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g = 0,05 and e = 0,05

g = 0,05 and e = 0,04

g = 0,05 and e = 0,025

Ilj1 44= Vhqvlwlylw| ri #� wr �dqg %
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e = 0,040 and u = 0,100

e = 0,040 and u = 0,075

e = 0,040 and u = 0,060

Ilj145= Sodxvleoh ydoxhv iru #�1
Doo lq doo/ zkdw lv wkh rswlpdo orqj0uxq sxeolf srolf|B Iljxuh 45/ zklfk vkrzv wkh

dyhudjh olihwlph zhoiduh dw wkh vwhdg|0vwdwh iru gl�huhqw frpelqdwlrqv ri sdudphwhuv/
dlpv dw vxppdul}lqj wkh deryh glvfxvvlrqv166 Doo fxuyhv rq Iljxuh 45 dvvxph wkdw
wkh qhw zdjh kdv/ fhwhulv sdulexv/ d voljkwo| odujhu lpsdfw rq !w.4 wkdq rq �w.4 ^l1h1
� @ 3=38 A % @ 3=37`/ dqg wkdw kdelwv kdyh d odujhu lq�xhqfh rq �w.4 wkdq rq !w.4
^l1h1 E @ 3=; ? U @ 3=<`1 Krzhyhu/ wkhvh gl�hu uhjduglqj wkh lpsdfw ri sxeolf
khdowk vshqglqj= zkhuhdv � lv �{hg wr 3=48/  htxdov 3=433/ 3=3:8 dqg 3=3931

Dv vkrzq rq Iljxuh 45/ uhgxflqj wkh lpsdfw ri vshqglqj uw rq �w.4 lqfuhdvhv
vljql�fdqwo| #�/ iurp :4 ( xqghu  @ 3=433 wr ;< ( xqghu  @ 3=3931 Krzhyhu/ hyhq
zkhq wkh h{wud0ydoxh eurxjkw e| vshqglqj uw lq whupv ri �w.4 lv vpdoo/ wkh rswlpdo
srolf| lv vwloo wr ghglfdwh d vljql�fdqw sduw ri wkh sxeolf exgjhw wr h{shqglwxuhv
surprwlqj olplw0orqjhylw| +44 (,1

Khqfh/ ghvslwh wkh sodxvleoh orzhu lpsdfw ri h{shqglwxuhv uw dqg wkh odujhu
vwuhqjwk ri kdelwv lq wkh ghwhuplqdwlrq ri �w.4 0 zklfk erwk vxssruw d kljk #�0
wkh phuh idfw wkdw sxeolf khdowk h{shqglwxuhv uw fdq eulqj d vljql�fdqw h{wud0ydoxh
lq whupv ri �w.4 lq frpsdulvrq zlwk wkh odlvvh}0idluh vx�fhv wr uxoh rxw h{wuhpho|
xqedodqfhg sxeolf srolflhv idyrxulqj h{shqglwxuhv jw ryhu vshqglqj uw1
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Wr vxp xs/ wklv qxphulfdo h{huflvh whqgv wr txhvwlrq wkh rswlpdolw|/ iurp d
orqj0uxq shuvshfwlyh/ ri h{wuhpho| xqedodqfhg sxeolf exgjhwv idyrxulqj vshqglqj
udlvlqj wkh sursruwlrq ri vxuylyruv ryhu vshqglqj hqkdqflqj olplw0orqjhylw|1

. �L?U*�t�L?t

Zkhuhdv h{lvwlqj ROJ prghov zlwk hqgrjhqrxv orqjhylw| gr jhqhudoo| qrw glv0
wlqjxlvk ehwzhhq wkh uhfwdqjxodul}dwlrq ri vxuylydo fxuyhv dqg wkh ulvh ri olplw0
orqjhylw|/ wklv sdshu ghyhorshg d wzr0shulrg ROJ prgho/ zkhuh wkh suredelolw| ri
vxuylydo wr wkh vhfrqg shulrg/ dqg wkh ohqjwk ri wkdw vhfrqg shulrg/ duh lq�xhqfhg
0 wr ydulrxv h{whqwv 0 e| hfrqrplf survshulw| dqg e| glvwlqfw sxeolf srolflhv1

Lw zdv vkrzq wkdw/ hyhq li survshulw| kdv d joredoo| srvlwlyh h�hfw rq hdfk
orqjhylw| glphqvlrq/ wkh wdnh0r� ri dq hfrqrp| wrzdugv d vwhdg|0vwdwh zlwk d kljk
survshulw| dqg d kljk orqjhylw| lv qrw dozd|v jxdudqwhhg= sryhuw| wudsv pd| h{lvw/
ghshqglqj rq wkh lpsruwdqfh ri fdslwdo lq wkh surgxfwlrq surfhvv1 Wklv wkhruhwlfdo
uhvxow lv frpsdwleoh zlwk wkh hpslulfdo hylghqfh ri ulvlqj gl�huhqwldov ehwzhhq wkh
hfrqrplf dqg ghprjudsklf dfklhyhphqwv ri ulfk dqg srru frxqwulhv1

Dqrwkhu nh| ihdwxuh ri wklv prgho lv wkdw lw lv deoh wr uhsolfdwh wkh revhuyhg
vxffhvvlrq/ ryhu wlph/ ri wzr ghprjudsklf skdvhv= �uvwo|/ d skdvh zkhuh wkh whq0
ghqf| wrzdugv uhfwdqjxodul}dwlrq h{fhhgv wkh ulvh lq olplw0orqjhylw|/ vhfrqgo|/ d
skdvh zkhuh wkh ulvh lq olplw0orqjhylw| grplqdwhv wkh uhfwdqjxodul}dwlrq surfhvv1

Wklv sdshu vkrzhg dovr wkdw wkh rswlpdo orqj0uxq srolf| 0 l1h1 pd{lpl}lqj
vwhdg|0vwdwh dyhudjh olihwlph zhoiduh 0 frxog kdugo| eh h{wuhpho| xqedodqfhg eh0
wzhhq vxuylydo0hqkdqflqj srolflhv dqg surjudpv udlvlqj olplw0orqjhylw|1

Ilqdoo|/ lw vkrxog eh vwuhvvhg wkdw wklv sdshu frxog eh h{whqghg lq vhyhudo zd|v1
Iluvw/ rqh pd| dvvxph dq dv|pphwulf wuhdwphqw ri ! dqg � lq djhqwv* suhihuhqfhv/
zklfk zrxog lq�xhqfh wkh rswlpdo srolf|1 Rqh pd| dovr h{whqg sxeolf lqwhuyhqwlrq/
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e| lqwurgxflqj shqvlrqv v|vwhpv167 Khqfh/ pxfk zrun lv wr eh grqh lq wkh ixwxuh1
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b�� �TTi?_� �G , �t|i?Ui Lu t|i@_)�t|@|it

Lq rughu wr ghulyh wkh frqglwlrqv jxdudqwhhlqj wkh h{lvwhqfh ri d qrq0wulyldo vwhdg|0
vwdwh/ ohw xv �uvw uhzulwh wkh !! orfxv dv=

! @ n�Y
n�Y . 4�E +49,

zkhuh Y � D+4��,+�+4� �,. �#�,= Jlyhq wkh dvvxpswlrqv D A 3/ 3 ? � ? 4 dqg
�+4� �, . �#� A 3/ lw iroorzv wkdw Y pxvw eh vwulfwo| srvlwlyh1

Lq d vlplodu zd|/ wkh �� orfxv fdq eh zulwwhq dv=

� @ n�Z
n�Z . 4�U +4:,

zkhuh Z � D+4� �,+%+4� �, .  +4� #,�,= Khuh djdlq/ Z A 3=
Wkhq/ vxevwlwxwlqj wkhvh wzr h{suhvvlrqv lq wkh nn orfxv |lhogv=

n @
3
CD�+4� �,+4� �,

� n�Y
n�Y.4�E

�� n�Z
n�Z.4�U

�

+4 . q,
�
4 . �

� n�Y
n�Y.4�E

�� n�Z
n�Z.4�U

��
4
D

44��

+4;,

Li zh ghqrwh wkh uljkw0kdqg vlgh dv wkh ixqfwlrq K+n,/ wkh txhvwlrq ri wkh h{0
lvwhqfh ri dq htxloleulxp ehfrphv wkh vhdufk iru d �{hg srlqw ri K+n,/ wkdw lv/ d
ydoxh ri n vxfk wkdw K+n, @ n1 Lw lv fohdu wkdw 3 lv d �{hg srlqw1 Exw zh zrxog olnh
wr ghulyh frqglwlrqv jxdudqwhhlqj wkh h{lvwhqfh ri dqrwkhu �{hg srlqw1

Iru wkdw sxusrvh/ zh vkdoo iroorz wkh phwkrg sursrvhg lq Fkdnuderuw| +5337,
dqg vkrz wkdw wkh ixqfwlrq K+n, vdwlv�hv wkh surshuwlhv +l,0+ly,/ wkdw lv=
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+l, K+3, @ 3
+ll, K 3+n, � 3 ;n 5 ^3> �n`
+lll, olpn$�nK+n,@n ? 4
+ly, olpn$3K 3+n, @ .4 li � ? ��=

+l,

K+3, @
�D�+4� �,+4� �,33

+4 . q,
� 4

4�� @ 3 +4<,

+ll, Wr vkrz wklv/ zh vkdoo dvvxph wkdw wkhuh h{lvwv dq xsshu erxqg vwhdg|0
vwdwh n/ ghqrwhg e| �n/ l1h1 d ydoxh ri n wkdw wkh vwhdg|0vwdwh fdslwdo qhyhu h{fhhgv1
Jlyhq wkdw wkh srvwxodwhg Free0Grxjodv surgxfwlrq ixqfwlrq vdwlv�hv wkh Lqdgd
frqglwlrqv/ wkhuh fdq eh qr grxew wkdw vxfk dq xsshu erxqg h{lvwv1 Pruhryhu/ wkdw
xsshu erxqg lv lqghshqghqw iurp ! dqg �1 Wkurxjkrxw wklv Dsshqgl{/ zh vkdoo
wdnh �n @

�D�+4��,+4��,
+4.q,+4.�,

� 44��

Lq wkh lqwhuydo ^3> �n`/ wkh �uvw0rughu ghulydwlyh ri K zlwk uhvshfw wr n kdv/ xqghu
plog frqglwlrqv/ wkh ghvluhg vljq1 Lqghhg/ K3+n, lv srvlwlyh li dqg rqo| li=

4 . �
� n�Y
n�Y.4�E

�� n�Z
n�Z.4�U

�

�
��

n�Y
n�Y.4�E

��
n�Z

n�Z.4�U
�� A 4 +53,

zklfk lv dozd|v wuxh1
+lll, Zkhq n whqgv wr �n/ wkh olpn$�nK+n,@n lv=

olp
n$�n

K+n,@n @
�D�+4��,+4��,+olpn$�n !,+olpn$�n �,+4.q,+4.�+olpn$�n !,+olpn$�n �,,

� 44��

�D�+4��,+4��,
+4.q,+4.�,

� 44��
? 4 +54,
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jlyhq wkdw ! dqg � duh erxqghg e| 4 +l1h1 wkhlu ydoxhv zkhq n $ .4,/ wkh deryh
udwlr uhpdlqv lqihulru wr 4 dv uhtxluhg1

+ly, Wkh olpn$3K3+n, lv=

�
3 6��4

4��
��F 44��

4��
�

+�YZ , 44�� ++4�E,+3�Z.4�U,.+4�U,Y +3�Y.4�E,,
+3�Y.4�E, 5��4�� +3�Z.4�U, 5��4��

��

+4 . q, 44��
�
4 . � 35�YZ

+3�Y.4�E,+3�Z.4�U,
� 5��

4��
+55,

Lw lv vwudljkwiruzdug wr vhh wkdw K 3+n, whqgv wr .4 surylghg � ? �� @ 4@61
Khqfh/ lq wkh oljkw ri frqglwlrqv +l,0+ly,/ lw dsshduv wkdw/ xqghu � ? 4@6/ d

qrq0wulyldo htxloleulxp pxvw h{lvw= wkh ixqfwlrq K+n, pxvw lqwhuvhfw wkh 78� olqh dw
ohdvw rqfh rq wkh lqwhuydo �3> �n� = Krzhyhu/ iru � � 4@6/ rqh fdqqrw eh vxuh wkdw d
qrq0wulyldo htxloleulxp h{lvwv1

Uhjduglqj wkh xqltxhqhvv lvvxh/ rqh fdq vhh/ iurp wkh deryh h{suhvvlrq/ wkdw/
xqghu � ? 4@6/ K 33+n, lv vwulfwo| qhjdwlyh/ vr wkdw K lv frqfdyh/ zklfk lpsolhv wkdw
wkh qrq0wulyldo htxloleulxp pxvw eh/ xqghu wkdw frqglwlrq/ xqltxh1

b�2 �TTi?_� �G 5|@M�*�|) Lu t|i@_)�t|@|it

Zkloh wkh glvfxvvlrq ri wkh vwdelolw| ri htxloleuld fduulhg rxw lq Vhfwlrq 6 lq wkh oljkw
ri skdvh gldjudpv vxjjhvwhg wkdw qrq0wulyldo htxloleuld duh olnho| wr eh vwdeoh +h{fhsw
wkh lqwhuphgldwh htxloleulxp,/ d pruh irupdo vwxg| ri wkh vwdelolw| lv qrqhwkhohvv
uhtxluhg/ ehfdxvh skdvh gldjudpv fdq vrphwlphv vlpsoli| wkh slfwxuh vljql�fdqwo|1

Wr glvfxvv wkh vwdelolw| ri htxloleuld/ ohw xv �uvw qrwlfh wkdw wkh suhvhqw v|vwhp
lv qrq0olqhdu/ vr wkdw wkh frqyhqwlrqdo dqdo|vlv ri wkh Mdfreldq pdwul{ +frpsrvhg
ri wkh �uvw0rughu ghulydwlyhv ri g|qdplf htxdwlrqv zlwk uhvshfw wr vwdwh yduldeohv,
fdq rqo| lqirup xv rq wkh vwdelolw| ri htxloleuld surylghg wkhvh duh k|shuerolf1
Dfwxdoo|/ li d �{hg0srlqw lv k|shuerolf/ wkh Kduwpdq0Jurepdq Wkhruhp vwdwhv wkdw
wkh vwdelolw| ri wkh olqhdul}hg v|vwhp +ru lwv qrq0vwdelolw|, lpsolhv wkh orfdo vwdelolw|
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ri wkh qrq0olqhdu v|vwhp +ru lwv qrq0vwdelolw|, +vhh Phglr dqg Olqhv/ 5334,1 Krzhyhu/
li wkh �{hg0srlqw lv qrw k|shuerolf/ wkhq wkh dqdo|vlv ri wkh olqhdul}hg v|vwhp grhv
qrw doorz xv wr gudz dq| frqfoxvlrq rq wkh orfdo vwdelolw| ri wkh qrq0olqhdu v|vwhp1

Dv vwdwhg lq Phglr dqg Olqhv +5334,/ �{hg0srlqwv duh/ lq glvfuhwh0wlph v|vwhpv/
k|shuerolf li qrqh ri wkh hljhqydoxhv ri wkh Mdfreldq pdwul{/ hydoxdwhg dw wkh htxl0
oleulxp/ lv htxdo wr 4 lq prgxor1

Wr glvfxvv wkh k|shuerolflw| ri qrq0wulyldo htxloleuld/ ohw xv �uvw frpsxwh wkh
Mdfreldq pdwul{ dvvrfldwhg zlwk wkh prgho ri Vhfwlrq 5=

M �

3
EEEEEEC

CP+nw>!w>�w,Cnw
CP+nw>!w>�w,C!w

CP+nw>!w>�w,C�w
CQ+nw>!w>�w,Cnw

CQ+nw>!w>�w,C!w
CQ+nw>!w>�w,C�w

CR+nw>!w>�w,Cnw
CR+nw>!w>�w,C!w

CR+nw>!w>�w,C�w

4
FFFFFFD

+56,

zkhuh P+nw> !w> �w,/ Q+nw> !w> �w, dqg R+nw> !w> �w, ghqrwh=

nw.4 @ P+nw> !w> �w, � +4� �,+4� �,
4 . q Dn�w �!w�w

4 . �!w�w +57,

!w.4 @ Q+nw> !w> �w, � E!w . +4� �,Dn�w +�+4� �, . �#�,
4 . +4� �,Dn�w +�+4� �, . �#�, +58,

�w.4 @ R+nw> !w> �w, � U�w . +4� �,Dn�w +%+4� �, .  +4� #,�,
4 . +4� �,Dn�w +%+4� �, .  +4� #,�, +59,

P+nw> !w> �w,/ Q+nw> !w> �w, dqg R+nw> !w> �w, duh rewdlqhg/ uhvshfwlyho|/ iurp vxevwl0
wxwlqj iru wkh zdjh lq h{suhvvlrq +8,/ dqg iurp vxevwlwxwlqj iru wkh qhw zdjh dqg
iru sxeolf khdowk h{shqglwxuhv lq h{suhvvlrqv +44, dqg +45,1

Wkh uhohydqw �uvw0rughu ghulydwlyhv duh=
CP+nw>!w>�w,Cnw @ +4��,+4��,

+4.q, D�n��4w
�!w�w4.�!w�w A 3

CP+nw>!w>�w,C!w @ +4��,+4��,
+4.q, Dn�w ��w

+4.�!w�w,5 A 3
CP+nw>!w>�w,C� @ +4��,+4��,

+4.q, Dn�w �!w
+4.�!w�w,5 A 3
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CQ+nw>!w>�w,Cn @ +4�E!w,+4��,D�++4��,�.�#�,n��4w+4.Dn�w ++4��,�.�#�,+4��,,5 A 3
CQ+nw>!w>�w,C! @ E

4.Dn�w ++4��,�.�#�,+4��, A 3
CQ+nw>!w>�w,C� @ 3
CR+nw>!w>�w,Cn @ +4�U�w,+4��,D�++4��,%. +4�#,�,n��4w+4.Dn�w ++4��,%. +4�#,�,+4��,,5 A 3
CR+nw>!w>�w,C! @ 3
CR+nw>!w>�w,C� @ U

4.Dn�w ++4��,%. +4�#,�,+4��, A 3
Dq htxloleulxp lv k|shuerolf li qr hljhqydoxh ri wkh Mdfreldq pdwul{/ hydoxdwhg dw

wkh htxloleulxp/ lv htxdo wr 4 lq prgxor1 D vx�flhqw frqglwlrq iru wklv k|shuerolflw|
frqglwlrq lv wkdw wkh wudfh ri wkh Mdfreldq pdwul{ +l1h1 wkh vxp ri hljhqydoxhv, lv
srvlwlyh exw vwulfwo| orzhu wkdq 4/ dqg wkdw wkh ghwhuplqdqw ri wkh Mdfreldq pdwul{
+l1h1 wkh surgxfw ri hljhqydoxhv, lv srvlwlyh exw vwulfwo| orzhu wkdq rqh1

Dfwxdoo|/ lw lv hdv| wr vhh wkdw wkrvh frqglwlrqv duh dovr vx�flhqw frqglwlrqv
iru wkh orfdo vwdelolw| ri wkh htxloleulxp/ zklfk uhtxluhv wkdw doo hljhqydoxhv ri wkh
Mdfreldq pdwul{ duh vwulfwo| orzhu wkdq 4 lq prgxor1

Wkrvh wzr frqglwlrqv lpso| wkdw/ dw wkh htxloleulxp +n�> !�> ��,=

3 ? �. E
4.n��Y . U

4.n��Z ? 4 +-,
dqg

3 ? � UE
+4.n��Y ,+4.n��Z ,

k
4� 4

4.�!���
�4�E

E . 4�U
U
�l ? 4 +--,

Uhjduglqj frqglwlrq +-,/ wkh srvlwlylw| ri wkh vxp lq txhvwlrq lv reylrxv1 Khqfh
+-, fdq eh uhirupxodwhg dv=

� ? 4� E
4.n��Y � U

4.n��Z

zklfk lv olnho| wr eh vdwlv�hg zkhq � lv orz/ dqg zkhq wkh htxloleulxp lv uhdfkhg
dw d kljk ohyho ri fdslwdo1

Uhjduglqj +--,/ wkh srvlwlylw| frqvwudlqw fdq eh uhzulwwhq dv=
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4 A 4
4.�!���

�4�E
E . 4�U

U
�

zklfk lv/ khuh djdlq/ d sodxvleoh frqglwlrq li wkh htxloleulxp xqghu vwxg| lv
fkdudfwhul}hg e| vx�flhqwo| kljk vwhdg|0vwdwh !� dqg ��1

Uhjduglqj wkh vhfrqg sduw ri frqglwlrq +--,/ lw lpsolhv wkdw=

� UE
+4.n��Y ,+4.n��Z ,

k
4� 4

4.�!���
�4�E

E . 4�U
U
�l ? 4

Jlyhq wkdw wkh �uvw wzr idfwruv duh dozd|v vpdoohu wkdq 4/ dqg wkdw wkh wklug
idfwru/ li srvlwlyh +vhh deryh,/ lv dovr vpdoohu wkdq rqh +ehfdxvh lw lv htxdo wr 4 plqxv
vrphwklqj srvlwlyh,/ wkh frqglwlrq uhtxluhv wkdw wkh wklug idfwru lv qrw wrr odujh1
Khuh djdlq/ wklv frqglwlrq lv olnho| wr suhydlo/ hvshfldoo| zkhq n� lv kljk/ vr wkdw wkh
vwhdg|0vwdwh lv olnho| wr eh orfdoo| vwdeoh1

Wr frqfoxgh/ wkh suhvhqw glvfxvvlrq ri wkh vwdelolw| ri wkh htxloleulxp vxjjhvwv
wkdw wklv vwdelolw| fdqqrw eh ixoo| jxdudqwhhg lq doo fdvhv1 Krzhyhu/ dv wklv zdv
vkrzq/ wkh htxloleulxp lv olnho| wr eh vwdeoh zkhq lw fruuhvsrqgv wr d vx�flhqwo|
kljk frpelqdwlrq ri n�/ !� dqg ��1 Wkh uhdvrq iru wklv lv vlpsoh= ehlqj glvwdqw
iurp wkh rwkhu htxloleulxp 0 l1h1 wkh +3/ 3/ 3, srlqw 0 lqvxuhv vwdelolw|/ zkhuhdv dq
htxloleulxp wkdw lv forvh wr wkh +3/ 3/ 3, lv olnho| wr eh xqvwdeoh1
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