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!
=3$).$+!;74!
A1. 5# $ !)'" is a regular binary relation if and only if '" satisfies the three following axioms and the existence 
of a neutral element. 
A11. 5# $ !)'" is a weak order (complete and transitive binary relation) 
A12. 5# $ !)'" is monotonic 

5- $ %) <7 a <97  and R- $ %) <7 N <97 then   <" 0$ ("  <9" 0$
A13. 5# $ !)'" is continuous 
5- $ %) R27 N ( such that for all z7, ( 8 z7 8 27, we have:  

 <" 0$ ("  <9" 09$ >  <" 0$ ("  <9%) , ) <97) , " 09%) , ) 097 4 z7) , $
 <" 0$ ("  <9" 09$ >  <" 0$ ("  <9%) , ) <97 4 z7) , " 09%) , ) 097) , $

A11 and A12 are very standard axioms and insure the existence of a representative intertemporal utility function. 
Observe that continuity holds for both payments and periods. First Order Separability (A2a) was first suggested 
by Koopmans (1972) and by Burness (1976). The utility representation (1) is directly obtained from Harvey 
(1995). 5# $ !) '" satisfies A1-A2a if and only if there exists an intertemporal utility function B" 1 3 >"

02 {
such that: 

 <" 0$3'"  <9" 09$ V B" <" 0$ a B" <9" 09$

5 <" 0$ $ >0
") B" <" 0$ & HC" <7" 07$

9|

7I%

Function C" is continuous and strictly increasing with <7 for all fixed 07 $ !, it is continuous with 07 for all 
fixed <7 $ = and C" <0

7" 07$ & (. The intertemporal utility function B"  is unique up to a positive transformation. 
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However, we cannot directly implement Harvey theorem (page 325) for our representative function since the 
latter has been built for only one decision period. That is why Second Order Separability was slightly amended 
to permit decision period independence. To understand the effect of A2b on the representation of time 
preferences, let us introduce the following lemma on multipliable separability for multi variable functions.  

Lemma 1. Separability for a multi variable function
Given y a function defined on the set u5, 3 $ }, ~ defined on u5+:, and  � on u, 5Y:) Y&) , Y5) Ä:) Ä&) , Ä5 $ u, 

y Y:) Y&) , ) Y5+:) Y5$
y Y:) Y&) , ) Y5+:) Ä5$

&
y Ä:) Ä&) , ) Ä5+:) Y5$
y Ä:) Ä&) , ) Ä5+:) Ä5$

V y Y:) Y&) , Y5$ & ~ Y:) Y&) , Y5+:$ ? � Y5$

 Å$ is immediate  
 Ç$ If y Y:) Y&) , ) Y5+:) Y5$ y Y:) Y&) , ) Y5+:) Ä5$U & y Ä:) Ä&) , ) Ä5+:) Y5$ y Ä:) Ä&) , ) Ä5+:) Ä5$U  for all 
Y:) Y&) , Y5) Ä:) Ä&) , ) Ä5 $ u and setting Ä: & Ä& & É & Ä5+: & Ä5, we have  y Y:) Y&) , ) Y5+:) Y5$ &
y Y:) Y&) , ) Y5+:) Ä5$ y Ä5) Ä5) , ) Ä5$U ? y Ä5) Ä5) , ) Ä5) Y5$.  
Fix then ~ Y:) Y&) , ) Y5+:$ & y Y:) Y&) , ) Y5+:) Ä5$ y Ä5) Ä5) , ) Ä5$U  and � Y5$ & y Ä5) Ä5) , ) Ä5) Y5$, the 
desired expression follows. 

We finally turn to the proof of our representation theorem. 5#) D $ !3 # 8 D$, choose ! and = such that 
 <0

?!" 0$3E"3 <0
A=" 0$ and  <0

?G!" 09$3EF3 <0
AG=" 09$. Then by (1), C" !) @$ & C" =) #$ and CF !) @9$ & CF =) #9$. 

Moreover take * $ = such that  <0
?*" 0$3E"3,<0

?)A!) =" 0/ and by A2b  <0
?G*" 09$3EF3,<0

?G)AG!) =" 09/. Hence 
C" *) @$ C" !) @$U & CF *) @9$ CF !) @9$U  and by lemma 1 C" !) @$ & J #" @$ ? K !$ with J #" @$ & C" #) @$ C" #) #$U
and K !$ & C" !) #$. Then J #" #$ & * and by monotonicity J #" #$ N (. Hence by A3, (*) implies K ($ & ( and 
notice that Harvey (1995) insures that K is unique up to a positive linear transformation and K increases with !
induces K !$ N ( for ! N (. Lastly, (**) implies that J is decreasing with # and (***) that J is increasing with 
#.  Ñ
!
Observation 3.1 
First observe that decision weights may be rewritten as follows:5# $ !") 5# $ ! and for all - a (, such that 
# & # 4 -)J #" #$ & J #" # 4 -$ & J" -$. The weight J" is defined on ! since # a # Ç - a ( and by definition 
of J", continuity of J implies continuity of J". Then it is easy to show that J" simultaneously verifies the three 
properties of definition 1. Note that J #" #$ & * implies J" ($ & *  _*$, J #" #$ N ( gives J" -$ N (  _+$ and 
impatience for J induces decreasing J" with -  _L$. Lastly  _*$,  _+$ and  _L$ constrain the image set to 
8(" *8 and then J #" #$ & O" # 6 #$  Ñ

Proposition 3.2 
By (1), J #" #$ & O% #$ O% #$U  directly implies time consistency. So assume time consistency holds and consider 
two dated rewards  !) @$ and  =) #$ ,@) # $ !F) #) D $ !/ such that  !" @$E" =" #$. Then by (1) we have 
J #" #$ J #" @$U & K !$ K =$U  and by time consistency !" @$EF =" #$ that is J D" #$ J D" @$U & K !$ K =$U . 
Setting D & @ and # & ( gives J D" #$ & O% #$ O% D$U   Ñ

Corollary 3.3 
That multiplicative separability induces time consistency is straightforward. Reciprocally, assume time 
consistency then by proposition 3.2 J #" #$ J #" @$U & J D" #$ J D" @$U ,@) # $ !F) #) D $ !/. By Lemma 1 we 
have J #" #$ & e #$ ? Ö #$. Moreover consistent weight can be written as J #" #$ & O% #$ O% #$U  and by 
association Ö #$ & * e #$U 3& O% #$. As a consequence, J #" #$ & J #" @$ ? J @" #$. Turn to second part of 
Corollary 3.3. For all  !" 0$ $ >F  #) D $ !) # 8 D$ by (1) we have B" !" #$ & Ü J #" #7$K !7$9!

7I%  and BF !" #$ &
Ü J D" #7$K !7$9!

7I% . Then B" !" #$ J #" D$U & Ü 7J #" #7$ J #" D$U 8K !7$9!
7I%  and by proposition 3.2 

B" !" #$ J #" D$U & Ü 7J D" #7$ J D" D$U 8K !7$9!
7I% & BF !" #$  Ñ

Observation 3.4 
First assume time consistency holds. Stop Watch Time implies J #" # 4 #$ & J (" #$ or J #" #$ & J (" # 6 #$. 
Time consistency implies J #" #$ & J (" #$ J (" #$U  and by SWT O% # 6 #$ & O% #$ O% #$U , functional equation 



##"
"

whose broadest solution is O% #$ & TA . Conversely, if we retain EDU then J (" #$ & TA  and SWT implies 
J #" # 4 #$ & TA  then J #" #$ & TA+" & J (" #$ J (" #$U .   Ñ

Observation 4.1 
First note that J #" #$ & O" # 6 #$ & O,y" # 6 #$/. We have to show that y" # 6 #$ & ^" # 6 #$ by transposing 
properties of J to y" and by verifying that the three properties of definition 2 hold. It is quite easy and the end of 
the proof is left to reader.   Ñ

Proposition 4.2 
The proof focuses on uniqueness. Assume _ #" #$ & ^" # 6 #$ is given then setting # & ( associates to _ (" #$ a 
unique correspondent time perception ^ #$. Therefore we have also a unique time premium e such that 
e #) -) #$ & _ #" #$ 6 ^ # 6 #$.   Ñ

Proposition 4.3 
First A6 is equivalent to _ #" #$ & _ # 4 -" # 4 - 4 0$ so for # & ( we have ^ #$ & _ -" # 4 - 4 0$ and for 
- & # the condition becomes ^ #$ & _ #" # 4 # 4 0$ & ^" # 4 0$. Obviously, ^" # 4 0$ & ^ #$ is a transmission 
condition. We now determine the connection between e and 0. By A6 , !) ($E% =) #$ Ç  !) #$E" =) # 4 # 4 0$/
and by (1) we deduce ^ #$ & _,#" # 4 # 4 0 #" #$/. By transmission condition, ^ #$ & _ #" # 4 #$ 6 e #" # 4 #$  
then  e #" # 4 #$ & _ #" # 4 #$ 6 _,#" # 4 # 4 0 #" #$/ and for  # & (, e (" #$ & ^ #$ 6 ^,# 4 0 (" #$/.   Ñ

Corollary 4.4 
By proposition 4.2, a time distance is uniquely determined by a combination of an initial condition and a 
transmission condition. Then we only need to focus on the necessary condition. For algebraic distance the proof 
is immediate. Turn to quasi algebraic distance and start from the equality _ #" @$ & _ # 4 -" @ 4 - 4 0$ given by 
A6. Setting # & ( and by objective time, _ -" @ 4 - 4 0$ & @ and by the assumption 0 & - ?  # 6 #$  * 4 #$U , 
we have _ -" @ 4 - 4 @-$ & _ -" - 4  * 4 -$@$ & @. With the notation _ -" - 4  * 4 -$@$ & ~7, * 4 -$@/
and setting # &  * 4 -$@, the following equality is obtained ~7 #$ & #  * 4 -$U . Last for - & #, _ #" # 4 #$ &
#  * 4 #$U  or _ #" #$ &  # 6 #$  * 4 #$U . The third part of corollary 4.3 concerning logarithmic time distance 
function is immediate.   Ñ

Observation 4.5 
Assume time preservation holds then for # $ !"3 # $ !$, _ #" #$ & _ (" # 6 #$. Hence by (1) and observation 4.1 
J #" #$ & J (" # 6 #$ must hold and SWT is verified. The demonstration for the reciprocal implication will be 
proved by the same way.   Ñ

Theorem 4.6 
By Observation 4.1 J #" #$ & O á _ #" #$ and by Proposition 3.2 time consistency holds if and only if J #" #$ &
O% #$ O% #$U . As a consequence the DM is time consistent iff O á _ #" #$ & O% #$ O% #$U  where O and O% are two 
discount functions not necessarily equal. Observe that as O is continuous and strictly decreasing over !, then O+:

does exist. The remaining demonstration will prove that the function à #" #$ & O+: O% #$ O% #$U $ is a time 
distance function. By  _*$ in definition 1, O+: 1 3 8(" *8 2 7("4!7. As O satisfies  _+$ then  O% #$ O% #$U N (3
and by impatience # a # implies O% #$ O% #$U 6 *. As a result à 1 3! ? !" 2 7("4!7. Furthermore O is 
continuous over ! & 7("4!7 so over !" â !, O+: is continuous over 8(" *8 therefore à is continuous over 
! ? !" . By definition of  O+:, we have à #" #$ a (  ä*$ and à is increasing with # since ã # Ç O% #$ å3Ç
O% #$ O% #$U å3Ç O+: O% #$ O% #$U $ ã  and decreasing with # for ã # Ç O% #$ å33Ç O% #$ O% #$U ã3Ç
O+: O% #$ O% #$U $ å  ä+$. Lastly à #" #$ & O+: O% #$ O% #$U $ & O+: *$ & (  äL$. Observe that time distance 
_ #" #$ & O+: O% #$ O% #$U $ is not unique since no constraint is imposed on O.   Ñ

Corollary 4.7 
The proof is straightforward. 

Theorem 5.1 
To obtain O,^ #$/ & TA  we restate a theorem by Lapied and Renault (2012). According to Theorem 2.1, axioms 
A.1 to A.3 induce the functional representation (3). Therefore if  !) @$3E%3 =) #$ then A7 implies for all @) #) - $
!, O,^ #$/ ? O,^ @$ 4 ^ -$/ & O,^ @$/ ? O,^ #$ 4 ^ -$/. Hence choosing ^ -$ & ^ #$ 6 ^ @$, we obtain 
fg oO,^ #$/p & :

&
fg oO,^ #$ 6 ^ -$/p 4 :

&
fg oO,^ #$ 4 ^ -$/p. Since y #$ & fg oO,^ #$/p is continuous then 

the previous functional equation is a Jensen’s equation whose broadest solution is  fg oO,^ #$/p & Y^ #$ 4 Ä. 
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As O ($ & * and ^ ($ & (  so Ä & (. Hence fg,O #$/ & Y^ #$ with Y 8 ( since O is a discount function. 
Finally we obtain O D$ & Tq F$   T & l+m) k & 6Y$. 
Conversely, the SDU verifies (3) so according to Theorem 2.1, A.1 to A.3 are implied. In addition, if for all 
#) - $ ! O #$ & Tq A$ hence O,^ #$ 4 ^ -$/ & Tq A$9q 7$ then under (3) we have  !) @$3E%3 =) #$ >
o!) ^+:,^ @$ 4 ^ -$/p3E% 3o=) ^+:,^ #$ 4 ^ -$/p. Since O #$ & TA, then by identification, O,_ #" #$/ & Tn ""A$

immediately follows.   Ñ

Corollary 5.2 
The proof of Corollary 5.2 is immediate. However, to clarify the core meaning of this corollary, assume that 
decision weights J are twice differentiable in #. Then Corollary 5.2 is illustrated by the use of the Prelec’s 
criterion (2004). Recall that the Prelec’s criterion is measure of decreasing impatience for all discount functions. 
We show that the Prelec’s criterion in the SDU model only depends on time distance derivatives. The Dynamic 
Prelec’s criterion for decision period # is x" #$ & 6 çéè

çAé
 #" #$ çè

çA
 #" #$ê & 6J&

"" #" #$ J&
"  #" #$U . By theorem 5.1, 

the Prelec’s criterion in the SDU model is reduced to the simpler following expression 
x" #$ & 6_&

"" #" #$ _&
"  #" #$U . Then the nature of impatience is integrally determined by the time distance 

properties.    Ñ

Observation 5.3 
For @) # $ !") @ 8 # and # $ !, the triangular equality _ #" #$ & _ #" @$ 4 _ @" #$ is a Sincov functional equation 
and by Aczél (1966), the broadest solution of such an equation is _ #" #$ & � #$ 6 � #$ & � #$ 6 � ($ 6 � #$ 4
� ($ & ^ #$ 6 ^ #$. For the triangular inequality, _ #" #$ N _ #" @$ 4 _ @" #$ implies _ @" #$ 8 _ #" #$ 6 _ #" @$
and for # & ( we have _ @" #$ 8 ^ #$ 6 ^ @$. The reversed triangular inequality implies the opposite inequality.   
Ñ

Proposition 5.4 
By proposition 3.2, time consistency implies J #" #$ & O% #$ O% #$U  which can be rewritten in the SDU approach 
as Tn ""A$ & Tq A$+q "$ and the triangular equality holds. The reciprocal implication is straightforward.   Ñ

Proposition 5.5 
Set  !) @$3E%3 =) #$ then by the initial axiom  !) @ 4 -$3E%3 =) # 4 - 4 Q$ and by the transmission axiom 
 !) @ 4 -$3E73 =) # 4 - 4 0$.  
Assume time consistency then  !) @ 4 -$3E%3 =) # 4 - 4 Q$ >  !) @ 4 -$3E73 =) # 4 - 4 Q$ hence  =) # 4 - 4
0$3E73 =) # 4 - 4 Q$ and by impatience 0 & Q. Reciprocally, assume 0 & Q. Setting @ 4 - & ë and # 4 - 4 Q &
ë" gives  !) ë$3E%3 =) ë"$ >  !) ë$3E73 =) ë"$.   Ñ

Proposition 5.6 
The proof follows from Corollary 3.3, Proposition 5.2 and Observation 5.3. Assume first x" #$ & x% #$ then by 
proposition 4 Time consistency holds. Now assume time consistency then by proposition 5.2 _ #" #$ & ^ #$ 6
^ #$ and by observation 5.1, x" #$ & 6_&

"" #" #$ _&
"  #" #$U  and x% #$ & 6^"" #$ ^" #" #$U . Therefore x" #$ &

6^"" #$ ^" #$U & x% #$.   Ñ
!

!

!

!

!

!

!

!
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